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Approximate Set Theory 
Chord Categories, Voicings, and Interval Cycles

Dmitri Tymoczko

Abstract This arti cle describes an approx i mate set the ory mod el ing intu i tions shared by musi cians such 
as Cowell, Schoenberg, Messiaen, and Persichetti. The author con sid ers five approx i ma tion strat e gies, 
show ing that in each case the result resem bles an exact seven-tone set the ory. Since most seven-tone sets 
are inter val cycles, approx i mate twelve-tone sets are approx i ma tely cyclic as well. The the ory explains 
how to high light this cyclic struc ture using voic ings, mod eled by inter vals in the intrin sic scale formed from 
a chord’s own notes. This con nec tion to voic ing is what gives approx i mate chord categories much of their 
sig nif i cance. The approach is most use ful for chords with five or fewer notes and works tol er a bly for hexa-
chords, but it breaks down with larger col lec tions. This is not a fail ure of the model but a reflec tion of the 
fact that qual ity space con tracts as car di nal ity increases.

Keywords  set the ory, voic ing, intrin sic scale, anal y sis

Approximate inter val categories are a sta ple of infor mal musi cal dis course; 
musi cians of all  stripes speak of steps and thirds, or clus tered and quartal har mo nies. 
Approximate ter mi nol ogy has the cog ni tive advan tage of reduc ing our har monic 
tax on omy and the per cep tual advan tage of ref lecting the often impre cise nature 
of musi cal expe ri ence: rather than requir ing (or pos tu lat ing, or hoping) that lis
ten ers main tain an exact tally of all  the inter vals they hear, generic qua lia (e.g., 
ter tian, quartal) allow for a degree of lis tener imper fec tion. Analysts fre quently 
encoun ter pas sages sat u rated with a sin gle type of generic inter val, for exam ple, 
an abun dance of major and minor thirds or per fect and aug mented fourths.1 And 
as we will see, approx i mate categories high light com po si tional affordances that 
might oth er wise go unno ticed.

Yet aca demic music the ory tends to val o rize exact rela tion ships. This is 
most obvi ously true of musi cal set the ory, which cat e go rizes chords by exact inter
val con tent, mea sured along the dia tonic, chro matic, or some other scale. It is also 
a fea ture of twelvetone music, which empha sizes rigid trans for ma tions of ordered 

1  The dis tinc tion between  “generic”  and  “spe cific”  inter vals  orig i na tes with Clough and Myerson  1985,  though  that work 
empha sizes scale mem ber ship rather than direct cat e go ri za tion of chro matic inter vals.

Thanks to Brad Gersh, Dan iel Harrison, Andrew Mead, Ian Quinn, Steve Taylor, and Jason Yust for help ful dis cus sions and 
com ments.
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2 J O U R N A L  o f  M U S I C  T H E O R Y

col lec tions.2 It is even char ac ter is tic of approaches that group sets into larger cat
egories or gen era. Ian Quinn (2001) has sur veyed a range of such clas si fi ca tion 
schemes, show ing that they tend to con verge: typ i cally, chro matic inter vals are 
treated as sep a rate and unre lated qua lia, or per haps arranged along an unbro ken 
con tin uum from small to large. The implicit pic ture seems to be of a twostage 
pro cess: first lis ten ers flaw lessly per ceive the total inter val con tent in a pas sage; 
then they con struct categories by judi ciously ignor ing some of this infor ma tion.3

This arti cle instead begins with generic inter val lic categories, such as sec ond, 
third, and fourth, using these to recon struct an ana logue to tra di tional set the ory. 
Though the resulting categories are approx i mate, they still allow for pre cise ana lyt
i cal obser va tions. For exam ple, I will show that there are just four kinds of approx
i mate trichords: three are cyclic (clus ter, ter tian, quartal), and the fourth is equally 
bal anced between cycles; each type pres ents dis tinct oppor tu ni ties to a com poser 
or impro viser. Meanwhile, there are five kinds of approx i mate tet ra chord: the four 
trichordal categories along with a smaller class of “non cy clic” out li ers. As chords 
grow, the num ber of categories shrinks: there are only four kinds of approx i mate 
pentachord, and there is lit tle or no dif fer ence among clus tered, ter tian, and quartal 
hexa chords; instead, the clus ters become more and more pre dom i nant. Larger col
lec tions there fore require new strat e gies, which is why I focus on smaller sets here.

The resulting frame work sug gests that our con cep tion of chord qual ity is 
fun da men tally ambig u ous. For small chords, terms such as clus tered and quartal 
can be taken to describe an intrin sic struc ture that per sists regard less of how the 
set is arranged in reg is ter; for larger chords, how ever, these same terms are best 
under stood as ways of dis trib ut ing notes. Consider the pitch clas ses {C, D, E, F, 
G, A}. These can be arranged as the clus ter (C4, D4, E4, F4, G4, A4), the stack of 
thirds (D4, F4, A4, C5, E5, G5), and the stack of fourths (E3, A3, D4, G4, C5, F5). 
Musicians can make these dif fer ent qua lia salient depending on what they do with 
the pitchclass set: hear ing the stack of thirds (D4, F4, A4, C5, E5, G5), we may 
not even real ize that we are in the pres ence of a clus ter. This sort of mul tiv a lence is 
unknown in the chro matic uni verse, where col lec tions are almost never cyclic with 
respect to mul ti ple inter vals; in the approx i mate uni verse it is just a fact of life.4

It is just here that approx i mate set the ory inter sects with a sec ond and 
seem ingly unre lated topic, the the ory of voic ing, under stood as the sys tem atic 
study of how pitchclass sets can be arranged in reg is ter. This is because we can 

3  I have some times resorted to sim i lar rhet o ric (Tymoczko 2011; Callender, Quinn, and Tymoczko 2008), though usu ally in a 
more the o ret i cal con text.

4 The sole twelve-tone excep tions are the sin gle ton and the eleven-note set, which is simul ta neously a stack of semi tones 
and a stack of per fect fifths. In gen eral, the (n – 1)-note sub set of a com pletely even n-note chord will be gen er ated by all  the 
n-note chord’s gen er a tors. For exam ple, Quinn (2006) notes that the ten-tone equal-tem pered tet ra chord 024610 is simul-
ta neously a stack of two- and four-step inter vals (024610 and 260410). Similarly, the seven-tone equal-tem pered hexa chord 
0123457 is simul ta neously a stack of sec onds, thirds, and fourths.

2  As Milton Bab bitt (1960) empha sized, stan dard twelve-tone oper a tions com bine dis tance-pre serv ing oper a tions in pitch 
(trans po si tion and  inver sion) with dis tance-pre serv ing oper a tions  in  time  (ret ro grade, which pre serves dis tance between 
order num bers). This per spec tive is almost explicit in the visual anal o gies of Schoenberg (1941) 1975.
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3Dmitri Tymoczko   Approximate Set Theory

explic itly describe the voic ings that bring out dif fer ent aspects of a col lec tion’s 
struc ture. For exam ple, if we want to high light a pentachord’s quartal aspect, then 
we should voice it in open posi tion, with each note two chordal steps above its 
lower neigh bor; if we want to high light its ter tian aspect, then we should use the 
(2, 1, 1, 2) voic ing (described shortly). The the ory of voic ing thus pro vi des a 
pow er ful tool for under stand ing the alchem i cal pro cess by which abstract pitch
class sets are trans muted into con crete musi cal objects. Indeed, voic ings can be 
viewed as con sti tu tive of our approx i mate categories: what makes a set “quartal” 
is that it is nearly evenly spaced when in the appro pri ate voic ing.

For small chords it is pos si ble to iden tify clus tered, ter tian, or quartal struc ture 
at a glance. As we add notes, the pro lif er a tion of pos si bil i ties makes things harder: 
given a ran dom pentachord or hexa chord, it can take effort to fig ure out whether it 
can be shaped into a chain of thirds or fourths. This arti cle there fore devel ops heu
ris tics for deter min ing a chord’s generic affil i a tions. For exam ple, quartal chords of 
every car di nal ity dis trib ute their notes into two approx i ma tely equal clus ters approx i
ma tely a tri tone apart. Likewise, ter tian pentachords tend to have four notes spaced as 
a clus ter, with the fifth about a third away from its neigh bors. These heu ris tics obvi ate 
the need for exten sive mem o ri za tion or com plex musicthe o ret i cal com pu ta tions.

Approximate set the ory begins in the com mit ment to a loos ened con cep
tion of musi cal iden tity. This loos en ing helps us under stand the music of com
pos ers who nav i gated the chro matic uni verse using tonal tools—for instance, 
dia tonic gen era such as step, third, and fourth. Figures such as George Perle, 
Pierre Boulez, Milton Bab bitt, and Allen Forte rebelled against this approach, 
devel op ing the more rig or ous and purely chro matic dis ci pline that came to be 
known as posttonal the ory. Approximate set the ory argues that some thing was 
lost in the pro cess: we can trans late the ear lier dis course into purely chro matic 
lan guage, reconceiving sec onds, thirds, and fourths as small, medium, and large 
chro matic inter vals. The resulting categories are dou bly advan ta geous. Analyti
cally, they reflect the prac tice of a wide range of musi cians; com po si tion ally, they 
pro vide tools for grap pling with the oth er wise over whelm ing abun dance of chro
matic pos si bil i ties.

Approximate set the ory also offers new tech niques for recapturing tra di
tional set the ory’s lost pre ci sion. The most impor tant of these involves a new 
form of exact set the ory that mea sures inter vals along the intrin sic scale formed 
by the notes of a set itself. This gives a pre cise the o ret i cal lan guage for describ ing 
voic ing, or the dis tri bu tion of pitches in reg is ter, which in turn allows ana lysts to 
under stand how com pos ers high light var i ous inter val lic fea tures of their mate
rial. These pitch rela tion ships, I argue, are often as inter est ing as the disembodied 
pitchclass rela tion ships cen tral to posttonal the ory. This focus on pitch struc ture 
goes hand in hand with a loos ened con cep tion of musi cal iden tity, being insen si
tive to small per tur ba tions in setclass struc ture.

My think ing here has been influ enced by two friends and col leagues. The 
first is Rudresh Mahanthappa, a deep musi cal thinker and one of the world’s great 
impro vis ers. For the past sev eral years he and I have cotaught a course, titled  
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4 J O U R N A L  o f  M U S I C  T H E O R Y

“Composition and Improvisation,” in which we con sider sets from tonal, atonal, 
com po si tional, and improvisational per spec tives. Some of the ideas in this arti cle 
come directly from Mahanthappa (e.g., Figure 8.2), while oth ers are more indi
rectly influ enced by our col lab o ra tion. Above all , he showed me that set the ory is 
not just a penandpaper dis ci pline asso ci ated with a par tic u lar atonal aes thetic, 
but a liv ing tra di tion encompassing a wide range of music both com posed and 
impro vised, tonal and non tonal.

Equally impor tant is the work of Ian Quinn. Almost all  the top ics in this 
arti cle were the sub ject of intense dis cus sion when we were col lab o rat ing with 
Clifton Callender on voicelead ing geom e try. I con fess that I was ini tially puz zled 
by Quinn’s ideas, under stand ing them in a Platonic spirit I could not share. Over 
the past few years, how ever, I have been sur prised to find myself retracing paths 
Quinn had already walked along. The result is in many ways an alter na tive real i
za tion of the vision laid out in his “General EqualTempered Harmony”—a kind 
of musicthe o ret i cal remix, recombining Quinnian ideas about inter val cycle, 
fuzzy resem blance, and setclass cat e go ri za tion (Quinn 2001, 2006, 2007). Like 
Quinn, I want to aug ment the iso lated points of clas si cal set the ory with regions 
in a con tin u ous qual ity space; like Quinn, I con sider inter val cycles to be pro to
typ i cal col lec tions supporting flex i ble categories of the sort that antedated set 
the ory. Quinn’s work is more abstract and a pri ori than mine, aspir ing to pro vide 
a broad frame work appli ca ble to every chordandscale envi ron ment; by con
trast, I am more inter ested in spe cific com po si tional affordances native to the 
twelvetone uni verse. The result might be con sid ered a ped a gog i cal, key board
har mony response to ideas that Quinn treats more spec u la tively—the prod uct of 
my expe ri ence teach ing set the ory to impro vis ers.

1. Voicing

A con crete voic ing is an order ing of pitch clas ses in reg is ter, such as (C3, G3, E4). 
If we limit our atten tion to voic ings with less than an octave between adja cent 
notes and decide not to care about the octave in which the voic ing appears, then 
we can iden tify con crete voic ings by list ing their pitch clas ses in ascend ing order. 
A list like C–G–E then deter mines the openposi tion voic ing (C3, G3, E4) up 
to octave trans po si tion. This bit of short hand sug gests that voic ings are closely 
anal o gous to twelvetone rows: both are order ings of an aggre gate, with voic ings 
order ing a chord in reg is ter and twelvetone rows order ing the chro matic scale in 
time. (The appen dix explains this con nec tion in detail.) Composers have some
times expressed twelvetone rows as voic ings, but the more com mon strat egy is 
to use voic ing to add intu i tive struc ture dis tinct from, but for mally anal o gous to, 
that of the under ly ing row.5

5  For registrally ordered twelve-tone rows, see Stucky 1981; Perle 1985: 9–10; Mead 1994: 154, 249; Klein 1999; and Capuzzo 
2007. The anal ogy between twelve-tone rows and voic ings is implicit in the work of Kholopov, discussed by Segall 2018.
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5Dmitri Tymoczko   Approximate Set Theory

I use the term con crete voic ing to describe spe cific arrange ments of pitches, 
whereas I use the more gen eral term voic ing to refer to pat terns of inter vals 
between adja cent notes in a chord. Here we have a vari ety of options depend
ing whether we mea sure exactly or approx i ma tely and depending on whether we 
mea sure along the chro matic scale, the dia tonic scale, or some other col lec tion. 
This arti cle uses three dif fer ent sys tems. The first uses approx i mate inter vals 
mea sured along the chro matic scale; in this sys tem, “quartal” voic ings are those 
in which each note is about five semi tones above its lower neigh bor. The sec
ond uses exact inter vals mea sured along scales such as the dia tonic or har monic 
minor; here “quartal” voic ings are those in which each note is three scale steps 
above its lower neigh bor. The third sys tem uses exact inter vals mea sured along 
what I call the intrin sic scale, the octaverepeat ing scale formed from a chord’s own 
notes.6 Though unfa mil iar, this last approach for mal izes an impor tant aspect of 
infor mal musi cal dis course: a closeposi tion voic ing is one in which every note 
is one intrin sic step above its lower neigh bor; an openposi tion voic ing is one in 
which every note is two intrin sic steps above its lower neigh bor; and the gui tar
ist’s drop2 voic ing is the pat tern of intrin sic steps (2, 1, 2) pro duced by displac
ing (or “drop ping”) a closeposi tion tet ra chord’s sec ondhighest note down by an 
octave (Figure 1.1).7 Since each pat tern can start on any note, an nnote chord has 
n dif fer ent registral inver sions of each of its voic ings, each with a dif fer ent chordal 
ele ment in the bass.8

This arti cle explores the con ver gence of these approaches. For exam ple, 
a quartal pentachordal voic ing, which is to say, a voic ing in which each note is 
approx i ma tely five chro matic semi tones above its lower neigh bor, will be in 
open posi tion, which is to say that each note will be exactly two intrin sic steps 
above its lower neigh bor. Furthermore, quartal pentachords can typ i cally be 

6  The intrin sic scale is a cen tral topic in my recent work (Tymoczko 2020b and 2023).

7  That is, the drop-2 voic ing G3 C4 E4 B4 can be con ceived as G b C E g B, skip ping steps between G and C and between E and 
B; this is the pat tern (2, 1, 2). These voic ings, by vir tue of being nearly quartal, are easy to play on the gui tar (Tymoczko 2023). 
Though  com mon  in  the  ped a gog i cal  lit er a ture,  this  approach  to  inver sion  is  not wide spread  among  aca demic  the o rists;  
Vincent Persichetti (1961: 101, ex. 4–24), for exam ple, con structs inver sions by plac ing a chord’s bass note in the soprano.

8 My ideas here inter sect with two very dif fer ent music-the o ret i cal tra di tions. One is prac ti cal and focused on impro vi sa-
tion (e.g., Levine 1989; Laukens 1995; Bicket 2001; Herrlein 2011); it tends to describe intrin sic spac ing using gen er a tive lan-
guage (e.g., “take a close-posi tion tet ra chord and ‘drop’ the sec ond-highest note by octave”). The other is smaller and more 
aca demic, explor ing the rela tion between pitch and pitch-class sets (e.g., Bernard 1987; Morris 1995). Intermediate between 
these tra di tions are Cowell (1930) 1996; Persichetti 1961; Ulehla 1966; and Harrison 2014, 2016.

Figure 1.1. Close-position, open-position, “drop-2,” and “drop-3” voicings  
expressed as patterns of steps along the intrinsic scale.
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embed ded in famil iar scales as 012457 sets, mea sur ing in scale steps, as with 
the dia tonic set CDE•GA. (I use sub scripts to iden tify the size of the scale 
containing nonchromatic sets; 012457 means “the 01245 set in some con tex tu
ally deter mined  sevennote scale.”) Understanding this con ver gence is use ful, 
first because it helps us rec og nize a chord’s quartal poten tial when it appears 
as in close posi tion (i.e., as a 012457 set in some famil iar sevennote scale), and 
sec ond because it tells us how to arrange that chord to bring out its quartal 
qual i ties—that is, as the open posi tion voic ing ( 2–(5–(1–(4–(   0, labeled in dia tonic 
scale degrees.

Here it is help ful to imag ine a “gen er ated pentachord”: a stack of five notes, 
each g semi tones above its lower neigh bor, with g being any inter val what so
ever, includ ing frac tional val ues such as 3.5 (three and onehalf semi tones, seven 
quar ter tones, or 350 cents). When the gen er at ing inter val g is small, say, one 
or two semi tones, then the chord is a clus ter span ning less than an octave; its 
cyclic nature can be expressed by a closeposi tion voic ing in which each note is 
one intrin sic step above its lower neigh bor. But now sup pose that g is between 
three and four semi tones; in this case the top note will be more than an octave 
above the first note but less than an octave above the sec ond (Figure 1.2), and the 
chord’s cyclic nature will be expressed by the intrin sic voic ing (2, 1, 1, 2). Unlike 
the clus ter, the cyclic struc ture may not be obvi ous in close posi tion, where it will 
have four notes close together, with an out lier at some dis tance from the oth ers. 
Finally, when g is large, say, five semi tones, then two notes will lie in the upper 
octave and the cyclic struc ture will be most obvi ous in open posi tion, with each 
note two intrin sic steps above its lower neighbor. These voic ings are all  evenly 
spaced, with exactly the same dis tance sep a rat ing each note from its registral 
neigh bors (Morris 1987: 54).

Already we have encoun tered a sit u a tion where exact chro matic think ing 
can be det ri men tal, for in twelvetone equal tem per a ment there are no ter tian 
fivenote inter val cycles; this is because repeated major or minor thirds pro duce 
note dupli ca tions, as in D3–F3–A♭3–B3–(D4) or C3–E3–G♯3–(C4)–(E4). As 
a result, the sys tem atic rela tion between voic ing and inter val cycle can escape our 
notice. Things become clearer when we con sider either frac tional dis tances like 

0 0

open circles are lower-octave notes

g 

g 

g 

Figure 1.2. Generated pentachords when the generating interval g is 2, 3.5, and 5. The first 
produces a close-position voicing, the second produces the voicing (2, 1, 1, 2), and the third 
produces the open-position voicing.
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7Dmitri Tymoczko   Approximate Set Theory

3.5, or approx i mate inter vals like “third” or “fourth.”9 A chord like C–E–G–B–D 
can thus be con ceived as an equaltem pered approx i ma tion to a musi cal pos si bil
ity native to other scale sys tems; approx i mate inter val categories give us access to 
this pos si bil ity with out requir ing that we leave twelvetone equal tem per a ment.10

For every chord size there are cyclic voic ings that high light par tic u lar 
inter val lic qual i ties. These are the pat terns of intrin sic steps pro duced by exact 
 inter val cycles. Figure 1.3 lists the cyclic voic ings for chords with three through 
seven notes, label ing the clus tered, ter tian, and quartal voic ings. (Beyond that, 
we have quin tal, sextal, and septimal voic ings, which, as the appen dix explains, 
can be derived from the quartal, ter tian, and clus tered voic ings.) Even if a chord 
is not exactly quartal, the quartal voic ing will make it as fourthy as pos si ble; for 
some chords, this will be exactly quartal, for some it will be nearly quartal, and for 
oth ers it will not be par tic u larly quartal—but then there will be no bet ter alter
na tive.11 For exam ple, Figure 1.3 tells us that the tetrachordal ter tian voic ing is (1, 
1, 1) while the quartal voic ing is (2, 1, 2). Putting the French sixth into the for
mer posi tion gives B–D♯–F–A, which is a stack of thirds with a sin gle dimin ished 
third (a “near third”); put ting it into the lat ter posi tion gives F–B–E♭–A, which 
is a stack of aug mented fourths with a foursemi tone dimin ished fourth (a “near 
fourth”). Though the French sixth is not exactly ter tian or quartal, these voic ings 
reveal that it is rea son ably close to being both.

This sort of knowl edge is straight for wardly use ful to com pos ers and impro vis
ers: given a col lec tion, it shows us how to high light var i ous aspects of its inter val lic 
struc ture. It also gives ana lysts a tool for exam in ing how com pos ers make use of the 
oppor tu ni ties avail  able to them. Figure 1.4 shows that both Bill Evans’s “So What” 
chord and Arnold Schoenberg’s “Farben” chord are openposi tion pentachords, 
divid ing two octaves into five parts: Evans’s chord is almost a stack of per fect fourths, 
with just one major third; Schoenberg’s chord is not obvi ously quartal, containing 

9  On aver age, such chords will have a dis tance between adja cent notes that is between 3 and 4.

10  Yust 2015 con sid ers equal-tem pered music as the man i fes ta tion of con tin u ous struc tures existing out side of equal tem-
per a ment; this per spec tive is also com mon in work on tun ing and into na tion (e.g., Sethares 1999).

11 See the appen dix for more dis cus sion, as well as a cat a log of voic ings.

3 4 5 6 7

g < 2

11 CTQ
111 CT

1111 C
1111 C

1111 C

2 < g < 2.4 21112

2.4 < g < 3 21112 22122

3 < g < 4 2112 T 22122 T 222222 T

4 < g < 6 212 Q 2222 Q 23232 Q 333333 Q

Figure 1.3. Cyclic voicings for chords of size 3–7, with generating intervals.  
C, T, and Q stand for the clustered, tertian, and quartal voicings.
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a minor sixth (a tri ply aug mented fourth) and a minor third (a dou bly dimin ished 
fourth). But it does con tain the quartal seg ment B–E–A, and on aver age its inter vals 
are close to quartal; given the notes G♯–A–B–C–E, this is about the best one can do. 
Were the G♯ lowered by two semi tones, the chord would be rec og niz ably quartal.

We can turn one open pentachordal voic ing into another by mov ing 
the top note down by two octaves; this is because, for any pentachord, tak ing 
five twostep motions along the intrin sic scale is equiv a lent to mov ing by two 
octaves. Moving the chord’s top note down by two octaves is thus equiv a lent to 
mov ing the entire con fig u ra tion down by two intrin sic steps. In the case of the 
“So What” chord, this yields a stack of four per fect fourths, A2–D3–G3–C4–F4. 
In the case of the “Farben” chord it pro duces A2–C3–G♯3–B3–E4, which is again 
not par tic u larly fourthy. But mov ing the E down by an octave gives us a stack of 
thirds A2–C3–E3–G♯3–B3, with intrin sic spac ing (2, 1, 1, 2). Here we learn that 
the “Farben” chord is a lateRomantic ninth chord revoiced in a char ac ter is ti cally 
quartal way. This revoicing is not entirely smooth, and the result is not exactly 
quartal—the voic ing is like a suit that, while not fit ting per fectly, is pass able at a 
dis tance. In much the same way, one could voice the “So What” chord using the 
ter tian pat tern (2, 1, 1, 2), yield ing F3–A3–C4–D4–G4.12 This is the “Farben” 
chord’s con verse, a quartal col lec tion wear ing thirdy clothes.

There is an impor tant dif fer ence between the “So What” chord and the 
stack of thirds A2–C3–E3–G♯3–B3. The “So What” chord is a stack of twostep 
intrin sic inter vals, each of which is very close to a per fect fourth: chro mat i cally, 
it divi des two octaves nearly equally; intrin si cally, it divi des two octaves exactly 
evenly. This means that its openposi tion voic ings are all  quartal or nearly so. By 

12  Readers can use the website https://www.madmusicalscience.com/voicing.html to cal cu late and explore chord voic ings.

Figure 1.4. The “So What” and “Farben” chords as open-
position pentachords. Above, the voicing’s intervals are 
measured in chromatic semitones (CHR), scale steps 
(diatonic and melodic minor; DIA), and intrinsic steps 
(INTR).
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9Dmitri Tymoczko   Approximate Set Theory

con trast, the chord A2–C3–E3–G♯3–B3 com bines one and twostep intrin sic 
inter vals and does not divide any num ber of octaves nearly evenly. This means 
that its var i ous (2, 1, 1, 2) voic ings are not equally ter tian; for exam ple, if we start 
the (2, 1, 1, 2) pat tern on E rather than A, we get E3–A3–B3–C4–G♯4, which is 
not at all  ter tian. In this respect the “Farben” chord is typ i cal: as a rule, there will 
be one spe cific registral inver sion in which a chord’s cyclic qual ity is clearest. The 
“So What” chord is spe cial inso far as it is both a max i mally even chord (divid ing 
the octave into five parts, as evenly as pos si ble in the twelvetone uni verse) and 
voiced in a com pletely even way, with each note the same num ber of intrin sic 
steps above its lower neigh bor. This pro duces the unusual sit u a tion in which the 
openposi tion voic ings are all  nearly quartal.

There is also a gen eral dif fer ence between trichords and pentachords, on the 
one hand, and tet ra chords and hexa chords on the other. Since 3 and 5 are prime 
num bers, every non zero intrin sic inter val gen er ates a com plete cycle, touch ing on 
every note in the col lec tion. For evencar di nal ity chords there is no openposi tion 
cyclic voic ing, as a series of twostep inter vals sounds only half the chord’s notes.13 
Instead the cyclic voic ings include adjusted intrin sic inter val cycles that avoid rep e
ti tion by perturbing the gen er at ing intrin sic inter val. For exam ple, the quartal voic
ing E–A–D–G can be viewed as an almost openposi tion voic ing whose mid dle 
inter val is one step too small: quartal tet ra chords like E g A D e G use the voic ing 
(2, 1, 2) rather than (2, 2, 2). In much the same way, the ter tian hexachordal voic
ing is an almostopen voic ing whose mid dle inter val is one step too small: elev enth 
chords like D e F g A C d E f G use (2, 2, 1, 2, 2) rather than (2, 2, 2, 2, 2).

Though voic ing has har monic con no ta tions, the con cept can be use ful in 
the melodic domain as well. Figure 1.5 shows that Eddie Harris’s “Freedom Jazz 
Dance” begins by arpeg gi at ing the open voic ing of the pen ta tonic scale, very much 
like Evans’s “So What” chord. Since a uni di rec tional arpeggiation would be musi
cally awk ward, span ning two octaves and not sound ing melodic, Harris adds a pair 
of octave dis place ments to bring the entire fig ure within an octave; this pro duces a 
closeposi tion voic ing in reg is ter even while the melodic inter vals arpeg gi ate two

Figure 1.5. Eddie Harris’s “Freedom Jazz Dance” opens with an octave- 
displaced open-position pentatonic voicing; the rest of the phrase hints  
at two other open-position pentatonic voicings.

13 Again, I use open posi tion to refer to a voic ing whose inter vals are all  two intrin sic steps: (2, 2, . . . , 2).
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step intrin sic inter vals. A sim i lar point could be made about the many func tion ally 
tonal mel o dies that out line octavedisplaced ter tian voic ings of the dia tonic scale 
(Figure 1.6). In these pas sages voic ing becomes a melodic phe nom e non.

Octave dis place ments some times appear har mon i cally as well. Figure 1.7A 
shows a root less G7 voic ing that dis places the top note of a fourthstack down by an 
octave; the result is an approx i mate fourth stack in which one chordal slot is occu pied 
by a step wise pair, a “blurred” or “smeared” note. I find the quartal qual ity audi ble 
despite the smearing. Figure 1.7B applies a sim i lar dis tor tion to a quin tal hexachordal 
voic ing, spaced (3, 4, 3, 4, 3) and span ning almost three octaves. Moving the bot tom 
three voices up by two octaves pro duces the “smeared” quin tal voic ing (4, 3, 1, 3, 
4); it is com mon in jazz and can be heard in Steve Reich’s Nagoya Marimbas (mm. 
57–64; see also Levine 1989: 141). Once again I find the quin tic qual ity per cep ti ble 
despite the smearing. As a gen eral rule we can take any stack of large inter vals (i.e., 
fourths or larger) and trans pose part of it to pro duce a “smeared” inter val stack.

Another impor tant type of voic ing is the “gapped stack,” a col lec tion of 
pitches that could be made cyclic with the addi tion of a sin gle note. In many 
cases these voic ings have the qual ity of the larger stack; for exam ple, the chord 
A3–C4–G4–B4 sounds ter tian even though it is intrin si cally a clus ter (GABC). 
Here we have an inter est ing con flict between two dif fer ent aspects of musi
cal struc ture: the abstract inter vals relat ing the pitch clas ses (“clus ter”) and its 

Figure 1.7. Using octave displacements to create 
“smeared” quartal and quintic voicings. A. A rootless 
G7 voicing. B. A quintal hexachordal voicing.

Figure 1.6. The first theme of Mozart’s Symphony no. 40, I, K. 550, opens  
with an octave-displaced tertian voicing of the G melodic minor scale.
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11Dmitri Tymoczko   Approximate Set Theory

arrange ment in pitch (“ninth chord”). Atonal set the ory tends to focus on the 
for mer, whereas tonal the ory often empha sizes the lat ter.14 One of the goals of 
this arti cle is to bridge these per spec tives—con sid er ing voic ing in atonal music, 
and abstract pitchcon tent in tonal con texts.

Finally, as I have argued before, the intrin sic scale pro vi des a nat u ral gen
er al iza tion of neoRiemannian trans for ma tions (Tymoczko 2020b). A gen er
al ized neoRiemannian voice lead ing is noth ing more and noth ing less than a 
pro gres sion between two inversionally related chords voiced sim i larly—that is, 
chords related by pitchclass inver sion but spaced in the same pat tern of intrin
sic steps. Simple math e mat ics shows that these pro gres sions invari ably pre serve 
the dis tance between at least two voices. The resulting voice lead ings link chords 
that are dou bly sim i lar, shar ing the same abstract pitchclass inter vals (because 
they are related by pitchclass inver sion) and the same intrin sic pitch inter vals 
(because they are voiced sim i larly). Such voice lead ings will arise when ever com
pos ers try to find sim i larsound ing voic ings of inversionally related col lec tions.

Figure 1.8 uses these ideas to ana lyze the open ing of Schoenberg’s vio lin 
con certo. Each hexa chord uses the same voic ing, a distorted fourth stack in which 
the top two notes are lowered by an octave. The music resem bles Figure 1.7, but 
instead of a simul ta neous smearing, the step wise pairs become small melodic 
cells. I find the some what fourthy qual ity of the pas sage to be both audi ble 
and char ac ter is ti cally Schoenbergian.15 Since the two hexa chords use the same 

Figure 1.8. Schoenberg’s Violin Concerto op. 36 opens with a pair of inversionally related 
hexachords voiced in the same way. This generalized neo-Riemannian voice leading preserves 
the relative arrangement of the chromatic cluster (open note heads, left two measures). Each 
hexachord is voiced as an octave-displaced quartal or nearly quartal voicing. J5 is the neo-
Riemannian voice leading preserving the chromatic cluster (shown with open note heads).

14  See Persichetti 1961: 78–79 for the sug ges tion that one omit the ninth chord’s fifth. The impli ca tion is that ter tian  struc ture 
is not destroyed by this omis sion.

15  Cowell (1930) 1996: 113 describes Schoenberg’s fond ness for quartal chords.

D
ow

nloaded from
 http://read.dukeupress.edu/journal-of-m

usic-theory/article-pdf/67/1/1/1973785/1tym
oczko.pdf?guestAccessKey=1f7c6515-12d0-4c5d-9759-2b0eb8eedee3 by guest on 18 June 2023



12 J O U R N A L  o f  M U S I C  T H E O R Y

 voic ing, they are related by a gen er al ized neoRiemannian trans for ma tion, in this 
case pre serv ing the spac ing of the chro matic clus ter. I doubt that Schoenberg 
was counting hexachordal steps or think ing about the intrin sic scale; instead, I 
imag ine he tried to space his two hexa chords sim i larly, in a way that sat is fied his 
quartal aes thetic. What is inter est ing is that this sort of intu i tive rea son ing leads 
to the pre cise rela tion ships we have been explor ing.

2. Categories

This sec tion mod els the approx i mate nature of music per cep tion by group ing chro
matic setclas ses into larger categories. This is among the most chal leng ing pro jects 
a the o rist can take on, as it is both intu i tively mean ing ful and yet vague enough to 
resist easy for mal iza tion. Our job is to devise an approach that hon ors intu i tion 
while also adding some use ful degree of spec i fic ity—yet not too much spec i fic ity, 
as we might want to make room for the thought that some col lec tions could be 
“sort of ” ter tian, “some where between ter tian and quartal,” and so forth. Approxi
mate categories are flex i ble heu ris tics, use ful in some sit u a tions but not oth ers.

I will focus on three main cat e go ri za tion schemes: one based on group ing 
chro matic inter vals, one based on scale mem ber ship, and one based on quan tiz
ing to the nearest seventone equaltem pered (“equiheptatonic”) setclass. Since 
I need to refer to these meth ods repeat edly, I will nick name them the chunking, 
sca lar, and quan ti za tion approaches. I will also show that voic ing pro vi des a 
fourth route to approx i mate set the ory, clar i fy ing the musi cal sig nif i cance of the 
oth ers; the appen dix discusses a fifth strat egy based on the Fourier trans form.

My main result is that in lower car di nal i ties these strat e gies con verge, in 
each case mak ing approx i mate twelvetone set theory look very much like exact  
seventone set theory. Though this might ini tially seem coun ter in tu i tive, it makes 
sense on reflec tion: as I dis cuss below, the sevennote uni verse is about half the size  
of the twelvenote uni verse, and coarsegrained views of chro matic space are going 
to look sim i lar inso far as they sat isfy a few intu i tive con straints (e.g., that they  
have roughly half as many inter vals as the chro matic scale, or that chordcategories 
rep re sent connected regions in voicelead ing space). Here we encoun ter a theme 
cen tral to Ian Quinn’s work: the approximate equivalence of dif fer ent meth ods of 
cat e go ri za tion.

First method: Chunking

The sim plest strat egy is to group chro matic inter vals into clas ses: instead of con
ceiv ing A–C–E–G♯ as a stack of major and minor thirds, we take it to be com posed 
of inter vals belong ing to a larger class, the third. Here the approx i mate inter val is 
a kind of musi cal genus containing two sep a rate spe cies: three semi tones and four 
semi tones.16 There are eleven chro matic inter vals between uni son and octave. If 

16  This approach has been explored in an insight ful arti cle by Andrew Mead (1997–98).
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13Dmitri Tymoczko   Approximate Set Theory

we want to group them into roughly half as many categories, we have a choice 
between five categories, with one larger than the rest, or six categories, with 
some overlap. The ques tion is whether to adopt the inter vals of the sixnote, five 
inter val wholetone scale or the sevennote, sixinter val equiheptatonic scale. This 
in turn deter mines whether fourths and fifths are equiv a lent, like minor and major 
thirds, or octave com ple ments, like thirds and sixths.

The lat ter strat egy is more famil iar: one and twosemi tone inter vals are 
“sec onds,” with sev enths their com ple ments; three and foursemi tone inter vals 
are “thirds,” with sixths their com ple ments; and five and sixsemi tone inter vals 
are “fourths,” with fifths their com ple ments. Fourths and fifths share the tri tone, 
which can play dif fer ent roles depending on con text. For instance, we clas sify 
C–F–B–E as quartal, com posed of five and sixsemi tone inter vals, while we 
clas sify E–B–F–C as quin tic, com posed of six and sevensemi tone inter vals. 
Fourths and fifths together span two semi tones (5–6, 6–7), whereas other adja
cent categories, such as sec ond and third, span three (1–2, 3–4). The sixnote, 
fiveinter val strat egy instead groups fourths and fifths into a sin gle cat e gory, 
con sid er ing five, six, and sevensemi tone inter vals to be “near tri tones.” From 
this stand point, the chord C3–G3–C♯4–F♯4 is a stack of near tri tones, with each 
inter val bisecting the octave into two nearly equal halves.

In this arti cle I use the sevennote, sixinter val strat egy because it is more 
famil iar, more pre cise, and more ana lyt i cally fruit ful.17 Furthermore, its inter val 
categories are sim i lar not just in their abso lute size (as mea sured in semi tones or 
cents) but also in their acous tic qual ity (Cowell [1930] 1996). Figure 2.1 sum
ma rizes the rela tion ship. Thirds are sixths are imper fect con so nances, hav ing a 
dis tinc tive phe nom e no log i cal qual ity I expe ri ence as soft ness: discounting fac
tors of two, their justinto na tion equiv a lents use the ratios 5/1 and 5/3. Seconds 
and sev enths are dis so nant by vir tue of their prox im ity to the uni son and octave.18 
The fourth and fifth are anchored by per fect con so nances with the very sim ple 
ratio 3/1 and hav ing the phe nom e no log i cal char ac ter of emp ti ness or hard ness; 
they are joined by the categorially anom a lous tri tone, which has the most com
plex fre quency ratio of any inter val in the justinto na tion chro matic scale. This 
(dia bol i cal) excep tion not with stand ing, there is sub stan tial over lap between 
a clas si fi ca tion based on approx i mate semi tonal size and one based on con so
nance. These acous tic facts add an extra dimen sion of mean ing to categories that 
can be jus ti fied on entirely sep a rate grounds.19

17 Of course, the seven-note, six-inter val sys tem is famil iar because it recalls the inter vals of the dia tonic scale, though here 
it arises for purely chro matic rea sons. In prin ci ple, this sys tem is no more dia tonic than the six-note, five-inter val sys tem is 
whole tone.

18  They also involve more com pli cated ratios, but this is possibly irrel e vant: we can find arbi trarily com pli cated ratios that 
are infin i tes i mally close to the per fect fifth and hence sound con so nant.

19 It is pos si ble to extend the approx i mate approach to other inter val sys tems. One inter est ing choice is the pen ta tonic 
scale’s four-inter val sys tem, which divi des the chro matic octave into steps of one, two, or three semi tones, leaps of four, five, 
and six semi tones, and their com ple ments. This more coarse-grained sys tem cuts across the acous tic dis tinc tions in Figure 
2.1, plac ing the imper fect con so nances in dif fer ent categories.
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When categorizing chords in this way, we have a tech ni cal choice between 
stack equiv a lence and com plete generic equiv a lence. Two nnote chords are stack 
equiv a lent if they can be arranged to form the same sequence of n – 1 generic 
inter vals. From this point of view, B–D–F–A♭, C–E–G–B, and C–E–G♯–B are 
all  ter tian, as each can be expressed as a stack of three thirds.20 However, not all  
their inter vals are gener i cally equiv a lent: B–A♭ is a sixth while C–B is a sev enth, 
and C–G is a fifth while C–G♯ is a sixth. The more strin gent cri te rion of com
plete generic equiv a lence requires approx i mate equal ity of all  inter vals.21 I pre fer 
the relaxed notion, as it is more use ful for track ing the voic ings that are my pri
mary ana lyt i cal con cern; it also pro duces more man age able group ings that, in 
my expe ri ence, are more ana lyt i cally fruit ful. This is because musi cians often do 
con sider B–D–F–A♭, C–E–G–B, and C–E–G♯–B to be ter tian, just as they con
sider B–C–D♭ and C–D–E to be clus ters.

Second method: Scalar embed ding

The sec ond approach is to think of a chord such as A–C–E–G♯ as an exact 
sequence of inter vals inside some sevennote scale such as D acous tic (A melodic 
minor ascend ing). In that col lec tion each inter val is exactly two scale steps large; 
it is just that the scale steps them selves are some what uneven: A b C d E f♯ G♯. The 
chal lenge is to find a group of scales that is large enough to con tain a wide range 
of chro matic sets while also being sim i lar enough to agree about their struc ture.

One such col lec tion comprises the seven “Pressing scales,” the larg est 
pos si ble equaltem pered sets without chro matic clus ters. Four of these are the 
most even sevennote scales: dia tonic, acous tic (melodic minor ascend ing), har
monic minor, and har monic major (har monic minor with raised third). One is 
the octatonic, the max i mally even eightnote scale. The last two are hexa chords: 
the com pletely even wholetone scale and the less even but heavily tri adic “hex
atonic” scale formed from alter nat ing semi tones and aug mented sec onds. In 
my ear lier work I explored these col lec tions as har monic objects in their own 
right (Tymoczko 2004, 2011); here I use them as “grids” for con cep tu al iz ing the 

Figure 2.1. Approximate interval categories and consonance.

20 I do not count the “wrap around” inter val from the top of the stack to the octave trans po si tion of the bot tom.

21  Mead 1997–98: 87 uses com plete generic equiv a lence.
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15Dmitri Tymoczko   Approximate Set Theory

 chro matic world. Thus, for exam ple, we can define tetrachordal “clus ters” as all  
those fournote chro matic sets that appear consecutively in one of these scales, 
includ ing 0134 (which appears in the acous tic, octatonic, and har monic scales), 
0145 (har monic and hexatonic), 0136 (har monic), 0346 (har monic), 0235 (dia
tonic, acous tic, har monic, octatonic), and 0246 (dia tonic and wholetone). In 
this way the sca lar setclass 0123 serves as a genus containing a vari ety of chro
matic spe cies (0134, 0145, 0346, 0235, and 0246).22 This pro vi des a notion of 
clus ter that is both intu i tive and expan sive.

The main tech ni cal chal lenge here is mul tiv a lence. The pitch clas ses G, B♭, 
and D appear as a stack of sca lar thirds in three dia tonic scales (F, B♭, and E♭), two 
acous tic scales (C and B♭), two har monic minor scales (D and G), and two har
monic major scales (D and E♭). But they also appear as a stack of sca lar fourths in 
B har monic minor.23 Should we con sider G minor to be both a triad (0247) and 
a stack of fourths (0147), or should we con sider it a triad only? The first answer 
leads to messy categories with a sub stan tial degree of over lap, while the sec ond 
leads to cleaner categories at the cost of over sim pli fi ca tion. In this arti cle I assign 
a chro matic spe cies to its most pop u lar sca lar genus, unless it appears as two 
dif fer ent sca lar setclas ses with approx i ma tely equal fre quency.24 Thus I assign 
037 to sca lar setclass 0247 (since the tri adic embed ding out num bers the fourth
chord embed ding 9 to 1), but 014 to both sca lar setclas ses 0137 and 0127.

25 This 
is because there is gen eral agree ment about the sta tus of the minor triad, whereas 
there is no such agree ment about the sta tus of the chro matic 014 trichord. I also 
pri or i tize the sevennote scales, con sid er ing octatonic, wholetone, and hexa
tonic mem ber ship only when no sevennote embed ding is avail  able.

Though chunking and sca lar embed ding seem quite dif fer ent, they are 
in fact closely related. In the first we mea sure chro mat i cally but group inter vals 
together, chunking or bin ning them into larger categories based on approx i mate 
size. In the sec ond we let scales do the bin ning for us, mea sur ing inter vals along 
larger col lec tions containing our chord. The two approaches con verge because 
the sevennote Pressing scales typ i cally put a sin gle scale degree in each “slot” 
defined by our approx i mate chro matic inter val categories. The first approach will 
be more famil iar to atonal musi cians accus tomed to think ing chro mat i cally, while 
the sec ond will be more famil iar to tonal musi cians accus tomed to a hier ar chy of 

24 Approximately equal means “within one.” Suppose a chord appears as set-class X in n dif fer ent scales (with n the max i mum, 
con sid er ing all  the dif fer ent embed dings into all  pos si ble Pressing scales) and as set-class Y in m dif fer ent scales (with m the 
sec ond-larg est num ber of embed dings). I count the chord as both X and Y if m is equal to either n or n – 1; oth er wise, I count 
it only as X.

25 The notes C–C♯–E appear as 0137 in three scales (F♯ acous tic, A♭ har monic major, and C♯ har monic minor, all  of which place a 
note between C♯ and E) and as 0127 in two (F har monic major and F har monic minor, where there is no note between C♯ and E).

22  Mat thew Santa (1999, 2000), Christoph Neidhöfer (2005), and I (Tymoczko 2011: §4.8–10) have all  used sca lar set-classes 
to com pare sets in dif fer ent scales, but typ i cally in con texts where the scales are clearly pres ent on the musi cal sur face; in this 
sec tion, I use sca lar set-clas ses to cat e go rize chro matic objects even when the scales do not appear. This allows us to con sider 
chro matic set-clas ses 0134, 0246, and 0235 all  to be clus ters, even in com pletely chro matic envi ron ments.

23 And D hexatonic, but I ignore that since it is chal leng ing to com pare set-clas ses across car di nal i ties.
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16 J O U R N A L  o f  M U S I C  T H E O R Y

col lec tions, chordwithinscalewithinaggre gate. Their inprac tice sim i lar ity is a 
boon for musi cians who want to move between worlds.

Both sys tems pro vide categories with sharp bound aries, being dis crete 
rather than con tin u ous. In music, how ever, it is often use ful to have some flex i bil
ity; for exam ple, the tet ra chord 0125 is not a stack of one or twosemi tone inter
vals, nor is there any Pressing scale containing these four notes, yet the chord 
seems more clus terlike than ter tian. Even if we do not want to con sider it an 
unqual i fied clus ter, we might want some way of expressing the thought that it is 
almost a clus ter, much as we might want to say that the French sixth is both nearly 
ter tian and nearly quartal. My next approach pro vi des flex i ble or “fuzzy” catego
ries allowing us to express these thoughts.

Third method: Quantization

Here we cat e go rize chords by prox im ity to equiheptatonic setclas ses—the 
voicelead ing dis tance, mea sured in con tin u ous space, to the nearest proper sub
set of any scale divid ing the octave into seven exactly even parts. I describe this as 
equiheptatonic quan ti za tion, a for bid ding term that has the advan tage of both con
ci sion and pre ci sion.26 Conceptually, the approach extends the clus ter ing tech
nique to larger col lec tions: clus ter ing cat e go rizes each stepinter val sep a rately, 
send ing it to its nearest equiheptatonic ana logue; equiheptatonic quan ti za tion 
instead sends whole chords to their nearest equiheptatonic ana logues, using 
equiheptatonic setclas ses as pro to types for categorizing twelvetone equaltem
pered sets.27 The equiheptatonic col lec tion is a ter tium quid that con nects the 
pre vi ous cat e go ri za tion sys tems: it con tains the same inter val categories as the 
chunking sys tem (sec ond, third, fourth, and their com pounds) while also being 
very close to nearly even sevennote scales such as the dia tonic, acous tic, and har
monic. Indeed, the dia tonic scale is as close to equiheptatonic as it is pos si ble to 
get in twelvetone equal tem per a ment.

Equiheptatonic quan ti za tion pres ents a num ber of tech ni cal com pli ca
tions. The first is that cal cu lat ing dis tances gen er ally requires a com puter.28 The 
sec ond is the need to trans late con tin u ous dis tancesfrompro to types into binary 
judg ment of categorial mem ber ship. The issue is that a chord can some times be 
slightly closer to one setclass than to another: the French sixth B–D♯–F–A is 
very close to the equiheptatonic fourth chord and just a bit far ther away from the 
equiheptatonic ter tian tet ra chord. Should we assign it to one cat e gory or both 

26  Quantization is explored in Yust 2015 and Tymoczko 2013.

27  Contrast Quinn 2006, where generic pro to types always belong to the sca lar uni verse containing the spe cific chords.

28  If we use the Euclidean met ric, then there  is a four-step algo rithm for com put ing the voice-lead ing dis tance between 
set-clas ses X and Y: put both sets in close posi tion, trans pose both so that their pitches sum to the same value c, com pute 
the Euclidean dis tance between the two ordered lists of pitches, and repeat the pro ce dure for each mode of set Y, mov ing its 
bot tom note to the top and trans pos ing the resulting notes so they sum to c. Fractional pitch clas ses are some times required 
to achieve the cor rect trans po si tion.
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17Dmitri Tymoczko   Approximate Set Theory

categories, or cre ate a new cat e gory inter me di ate between the two? In this arti
cle I choose a cut off dis tance to deter mine cat e gory mem ber ship, with chords 
assigned to a cat e gory if they are at least that close to its pro to type; thus, French 
sixth will be con sid ered both ter tian and quartal. I choose a sec ond cut off dis
tance to define near mem ber ship; thus, I write 0141 to indi cate that the chro matic 
014 trichord is close to being a clus ter (cat e gory 1), even though it is not offi cially 
con sid ered one.29 Finally, when quan tiz ing to the equiheptatonic scale I gen er ally 
ignore multisets, con sid er ing only pro to types with out pitchclass dupli ca tion; 
this is because I find it coun ter in tu i tive to think of, say, the chro matic setclass 
01212 as a ver sion of the equiheptatonic multiset 0017.

It is slightly sur pris ing that the three meth ods con verge as well as they do. 
The big pic ture is clear enough: equiheptatonic quan ti za tion tends to agree with 
sca lar embed ding because the sevennote Pressing scales tend to divide the octave 
nearly evenly, and equiheptatonic quan ti za tion agrees with chro matic chunking 
because equiheptatonic inter vals lie within the bound aries of the chro matic cat
egories. That is, the equiheptatonic step is 1.71, between the semi tone and major 
sec ond; the equiheptatonic third is 3.43, between the minor and major third, 
and the fourth is 5.14, which is just above the equaltem pered fourth. But the 
con ver gence is closer than might be expected from these num bers alone. After 
all , one can stack equaltem pered semi tones to pro duce chro matic chords dis
tant from the equiheptatonic clus ter (e.g., 0123412). The sur prise is that the other 
equaltem pered inter vals do not lead to anal o gous diver gences, in part because 
the equaltem pered fourth is very close to the equiheptatonic fourth and in part 
because note rep e ti tion lim its the stacking of tri tones, major thirds, and minor 
thirds. In other words, the con ver gence between the meth ods is the byprod uct 
of sev eral unre lated math e mat i cal fac tors.

Fourth method: Voicing

Voicing and the intrin sic scale pro vide yet another route to approx i mate set the
ory, largely con sis tent with those con sid ered above. Fundamentally, intrin sic 
steps pro vide a unit of dis tance that is agnos tic as to chord struc ture: abso lutely 
any tet ra chord can be voiced (2, 1, 2), just as any pentachord can be voiced in 
open posi tion. What results is a topo log i cal per spec tive in which inter val con tent 
is of sec ond ary impor tance (Tymoczko 2020b). These intrin sic categories are 
some times too broad, much as stan dard set the ory’s categories are some times 
too nar row. Approximate set the ory tries to find a mid dle ground by con sid er ing 
chords that are nearly evenly spaced when voiced cycli cally; for instance, quartal 
tet ra chords are nearly evenly spaced in the (2, 1, 2) voic ing, and quartal penta
chords are nearly evenly spaced in open posi tion.

Mathematically, we reconceive the lefthand ranges in Figure 1.3 as aver ages 
rather than pre cise val ues. For exam ple, the bot tom row shows the cyclic voic ings 

29  I use 1.1 semi tones as the pri mary dis tance and 1.3 semi tones as the sec ond ary dis tance.
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18 J O U R N A L  o f  M U S I C  T H E O R Y

for chords whose (exact) gen er a tor is greater than a major third and less than a 
tri tone (4 < g < 6). In twelvetone equal tem per a ment the only pos si bil ity is the 
per fect fourth (g = 5). We can, how ever, obtain nearly evenly spaced chords using 
near fourths, that is, fourths and tri tones with per haps the occa sional major third. 
This gives us not just the purely quartal C–F–B♭–E♭ but also such nearly quartal 
sonor i ties as C–F♯–B–E and C–F–B–E: all  three belong to the same approx i mate 
cat e gory in each of the three sys tems we have just con sid ered, and all  three are 
nearly evenly spaced in the (2, 1, 2) voic ing.30 In much the same way, ter tian voic
ings bring out the cyclic struc ture of chords whose gen er a tor lies between minor 
and major third (3 < g < 4). Here there are no exact equaltem pered options, but 
we can com bine major and minor thirds to pro duce nearly even voic ings whose 
aver age inter val size lies between 3 and 4 (e.g., pentachords like C–E–G–B–D). 
The sur prise is that the ranges in the left col umn of Figure 1.3, which are deter
mined math e mat i cally as explained in the appen dix, cor re spond both to intu i tive 
terms such as quartal (4 < g < 6), ter tian (3 < g < 4), and clus tered (g < 2) and to the 
categories pro duced by the chunking, sca lar, and quan ti za tion approaches. This 
con ver gence is the math e mat i cal basis of our inves ti ga tion. Practically speak ing, 
it ensures that chords in the same cat e gory can be voiced sim i larly, no mat ter 
which approx i ma tion we use.

In fact, we can iden tify the spe cific voic ings that bring out dif fer ent inter
val lic qua lia for chords in every approx i mate cat e gory. Figure 2.2 sum ma rizes 
the sit u a tion. Each line cor re sponds to a chord size, with approx i mate chord 
categories, or gen era, labeled in bold: clus tered, ter tian, quartal, and equi pol lent 
(discussed below). For each genus I list a num ber of voic ings. The char ac ter is tic 
voic ing, shown in bold, brings out the chord’s intrin sic qual ity, voic ing a clus tered 
pitchclass set as a stack of sec onds, a ter tian pitchclass set as a stack of thirds, 
and so on. The fig ure also includes both gapped and smeared voic ings of var i ous 
sorts. For tet ra chords and larger chords, inter val cycles of one type can be voiced 
as gapped stacks of another type; thus, a clus tered tet ra chord can be voiced as a 
gapped stack of thirds. For hexa chords the dif fer ent chord types merge so that 
one and the same col lec tion is equally clus tered, ter tian, and quartal. Much of 
this arti cle is devoted to explaining these rela tion ships.

3. Approximate anal y sis

To give a feel for the virtues of approx i mate think ing, Figure 3.1 anno tates the 
open ing four teen mea sures of Schoenberg’s op. 11/1. I inter pret this music 
as largely concerned with approx i mate inter val shapes. The open ing sixnote 
mel ody con sists in a pair of “thirdplusstep” ges tures, har mo nized in the 
left hand by gapped fourth and nearfourth stacks, most of which are third
plusstep trichords. In the fourth mea sure the righthand verticalizes and  

30  These chords not only have an aver age inter val size of about 5 when in the (2, 1, 2) spac ing but also a small var i ance; that 
is, each inter val is close to the aver age.
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19Dmitri Tymoczko   Approximate Set Theory

 trun cates the open ing thirdstep mel ody. It is jux ta posed against a gapped 
third stack whose melodic inter vals con tract as the mel ody ascends, a com
mon  Schoenbergian strat egy; these form the pat tern thirdthirdstepstep, 
or fifththirdthirdstepstep if one includes the bass. This accompanimen
tal fig ure also horizontalizes and fills in an openposi tion gappedquartal 
trichord (cf. the open note heads in m. 6 of the exam ple). The third iter a
tion of the righthand fig ure is har mo nized in sev enths—a straight for ward 
embel lish ment when we are think ing approx i ma tely, but not if we are looking 
for exact chro matic  rela tion ships.

When the mel ody reappears in mm. 9–10 it is subjected to the intri cate but 
approx i mate algo rithm shown in Figure 3.2: for merly we had a pair of thirdsteps 
joined by clus ters (B–G♯–G and A–F–E, overlapping as clus ters G♯–G–A and 
G–A–F); now we have thirdstep F♯–D–C followed by registrally inverted  clus ter 

Figure 2.2. Some common voicings for fourteen genera: clustered, tertian, and quartal chords with 
three to six notes, along with equipollent trichords and tetrachords. Each line contains chords of a 
particular size. Above the staff I label chord categories and voicing types. The characteristic voicing 
is in bold and shown with open note heads; it creates a stack of approximately equal intervals. 
Additional voicings show how the chord can be represented as a gapped or smeared stack of some 
other category. Underneath each voicing is its pattern of spacing in intrinsic steps.
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20 J O U R N A L  o f  M U S I C  T H E O R Y

Figure 3.1. Approximate analysis of the opening of Schoenberg’s op. 11/1.

Figure 3.2. The two forms of the melody are produced by the same algorithm,  
interchanging the terms third-step trichord and cluster.
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21Dmitri Tymoczko   Approximate Set Theory

G♯–A–B♭, joined by registrally inverted thirdsteps (D–C–G♯ and C–G♯–A).31 
These sub tle rela tion ships are dif fi cult to com pre hend and even harder to hear. 
More pal pa ble is the pro cess of inter val lic expan sion from B–G♯–G through A–F–
E to E–C–B♭ and F♯–D–C: minor third plus minor sec ond, then major third plus 
minor sec ond, then major third plus major sec ond, mov ing from smallest to larg est 
and omit ting only minor third–major sec ond. The left hand in mm. 12–14 uses 
sixths and steps, inverting the open ing thirdstep con fig u ra tion; the right hand 
ascends from fourths to an incom plete third stack, once again contracting as it  
rises; the con trac tion con tin ues abstractly to sec onds expanded registrally as 
ninths.32 These ninths are ech oed by sev enths and ninths in the right hand of m. 13.

Most of this is clear on the page and rea son ably clear to the ear: if there is 
a per cep tual chal lenge, it lies both in the speed of Schoenberg’s gear changes and 
in his pen chant for superimposing unre lated struc tures (e.g., sixthsandsteps 
against sev enthsandninths in m. 13).33 It may be that Schoenberg went too far, 
but that would be a prob lem of exe cu tion rather than con cep tion; I have lit tle 
doubt that approx i mate orga ni za tion is both intel lec tu ally coher ent and per cep
ti ble in prin ci ple. Personally, I con sider it suf fi cient in itself, not requir ing sup ple
men ta tion by more rigid struc tures such as chro matic sets or twelvetone rows.

Evidence of approx i mate think ing can be found through out twen ti eth and 
twentyfirstcen tury music. Figure 3.3 shows two pas sages from the end of Ruth 
Crawford Seeger’s nine Preludes for Piano, writ ten in 1927–28 and published in 
1941, one oppos ing righthand sev enths with lefthand sec onds, their approx i
mate com ple ments, and the other set ting righthand sev enths and quin tic chords 
against quartal and quin tic chords in the left. Figure 3.4 con tains the open ing 
pitches of Stockhausen’s 1955 Klavierstücke III: all  but two of the inter vals are sev
enths or ninths; the excep tions are ges tureini ti at ing tri tones. The approx i mate 
approach has also been discussed by numer ous the o rists: it fea tures in Henry 
Cowell’s ([1930] 1996: 111–16) New Musical Resources, a book some times cred
ited with intro duc ing har monic clus ters, and plays a cen tral role in Vincent Persi
chetti’s (1961: chaps. 3, 4, 6) har mony text book.34 There are at least three rea sons 
why com pos ers might favor approx i mate over exact orga ni za tion. One is that it 
reflects a belief that music per cep tion is approx i mate, with small inter val lic var i
a tions not unset tling the lis tener’s per cep tion of musi cal sim i lar ity. Another is a 
desire for com po si tional options, and in par tic u lar for chro matic ana logues to the 

31  Haimo 1996 high lights the chro matic col lec tions linking the mel ody’s third-step trichords.

32  Perle 1962 identifies some of these rela tion ships.

33  The super im po si tion of unre lated struc tures links set the ory to poly to nal ity; both are exam ples of the twen ti eth-cen tury 
theme of apart ness.

34  Ludmila Ulehla’s (1966) Contemporary Harmony addresses clus ters (224–29) and quartal and quin tal har mony (chap. 17). 
Messiaen (1944) 1956: chap. 14 men tions quartal chords. More con tem po rary treat ments include Sorce 1995: chap. 20 and 
Harrison 2016 (esp. 103–7, which distinguishes clus ters from ter tian har mo nies, though it does not include a sep a rate class of 
quartal har mo nies). Many jazz sources dis cuss quartal har mony (e.g., Levine 1989: chap. 13).
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sub tle dis tor tions pro duced by dia tonic trans po si tion. A third is a desire to cat e
go rize musi cal pos si bil i ties in a way that is respon sive to their acous tic char ac ter.

What is fas ci nat ing is that approx i mate orga ni za tion can be found even in 
twelvetone music. Return to the open ing of Schoenberg’s vio lin con certo, shown 
in Figure 1.8. Andrew Mead (1997–98) has observed that the dyads in the pas
sage, while not exactly related, are approx i ma tely equal: in each hexa chord the 

Figure 3.4. A reduction of the opening of Stockhausen’s  
Klavierstücke III. Approximate intervals are labeled above the  
staff, using “tt” for tritone and 7 and 9 for sevenths and ninths.  
Italics represent minor sevenths and minor ninths; regular type,  
major sevenths and ninths.

Figure 3.3. (top) Measure 4 of Ruth Crawford Seeger’s Prelude no. 9 balances  
sevenths in the right hand against seconds in the left, their approximate com-
plements. (bottom) Measure 13 juxtaposes sevenths and quintic chords in the  
right hand against quartal and quintic chords in the left.
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solo vio lin states a minor sec ond, which is answered by thirds and sev enths in the 
ensem ble; in the first hexa chord we have major third and minor sev enth, while in 
the sec ond we have minor third and major sev enth. As Mead notes, the ensem
ble’s melodic inter vals also move by fourths and steps (first minor sec ond and per
fect fourth, then major sec ond and tri tone).35 Approximate set the ory thus reveals 
an addi tional layer of struc ture subsisting along side the more rigid rela tion ships 
of twelvetone the ory.36 The rigid rela tion ships could per haps be com pared to a 
gram mar, struc ture pro vided by the lan guage itself and pres ent in any piece writ
ten in that lan guage; approx i mate rela tions are more like seman tics, state ments a 
com poser chooses to make within the con straints set by the gram mar. Substantially 
more ana lyt i cal effort has been directed toward the for mer than the lat ter, leav ing 
us with a onesided per spec tive on this mul ti va lent music.37

At this point I should clar ify that my inter est in approx i mate inter val size 
does not imply any dis in ter est in exact inter val con tent. Two clus ters, say, G4–
G♯4–A4 and G4–A4–B4, can sound very dif fer ent despite being clus ters, and the 
same is true for ter tian or quartal sonor i ties, even when voiced sim i larly. Musical 
sim i lar ity is mul ti di men sional, and exact inter val lic con tent is one of its dimen
sions. My argu ment, rather, is that approx i mate categories give us another dimen
sion, par tic u larly when reinforced by voic ing: two clus ters, such as C4–D4–E4 
and A♭3–B♭3–C♭4, can sound chro mat i cally dif fer ent and yet gener i cally sim i
lar. They are very dif fer ent clus ters, like love and archae op teryx are very dif fer
ent nouns. I think the expe ri ence of hear ing a pair of very dif fer ent clus ters is 
phe nom e no log i cally dif fer ent from the expe ri ence of hear ing totally unre lated 
chords (e.g., a con so nant clus ter and a dis so nant stack of sixths). Approximate 
set the ory cap tures one thread in the tap es try of rela tion ships that jointly make 
up musi cal mean ing.

That said, I do think there is an impor tant phil o soph i cal ques tion about 
the rel a tive pri or ity of exact and approx i mate. Allen Forte denied that terms such 
as chro matic lines, thirds, tri ads and chords in fourths could be use fully applied to 
Schoenberg’s music (Forte 1972). Figure 3.5 shows two of Forte’s ana ly ses: in 
the first, he finds no fewer than eleven struc tur ally sig nif i cant tet ra chords in a 
sim ple line of descending chro matic thirds; in the sec ond he finds six struc tur
ally sig nif i cant hexa chords in the open ing of Schoenberg’s op. 11/1. Put aside 
ques tions about whether we can reli ably seg ment notes in the appro pri ate way. 

35  The two accompanimental tet ra chords 0457 and 0356 are com pletely gener i cally equiv a lent; in sec tion 5 I place them in 
the “equi pol lent” cat e gory.

36  David Lewin (1998: 25–26) reported that Roger Sessions reported that Arnold Schoenberg con ceived of the per fect fifth as 
“slightly more than half an octave.” To me this sug gests approx i mate cat e go ri za tion: the fourth is a half-octave or slightly less, 
the third is a quar ter-octave or a lit tle more, while the sec ond is a sixth of an octave or less.

37  The  com par i son of  twelve-tone  rows  to  syn tax ech oes Edward T. Cone  (1967), who  like wise  com plains about ana lysts 
overemphasizing  the syn tac ti cal at  the expense of  the expres sive. Dubiel  1990 makes an anal o gous point about Bab bitt. 
Haimo  1996  and Mead  1997–98 describe  the  role  of  approx i mate  rela tion ships  in  Schoenberg’s music.  Callender, Quinn, 
and Tymoczko 2008 and Tymoczko 2020b note that voice-lead ing geom e try can be used to cat e go rize chords but do not go 
beyond spe cific exam ples; the pres ent arti cle attempts to put that pro posal on more sys tem atic foot ing.
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Instead, con sider just how demand ing these ana ly ses are: it is easy for me to 
imag ine impro vis ing or com pos ing with approx i mate rela tion ships, and I feel 
rea son ably con fi dent in my abil ity to iden tify them by ear; hear ing or pro duc
ing exact Fortean struc tures is much more dif fi cult—and it is unclear that any 
aes thetic ben e fit is asso ci ated with suc cess. (From what I can tell, lis ten ers are 
not par tic u larly sen si tive to exact setthe o ret i cal rela tion ships.) The approx i
mate anal y sis feels easy and nat u ral, plac ing Schoenberg’s music some where in 
the vicin ity of free jazz; the exact alter na tive feels unre al is tic and per verse, a kind 
of fan tas ti cal math e mat ics ungrounded in musi cal expe ri ence. Indeed, I would 
say some thing sim i lar about the twelvetone pas sage in Figure 1.8: to me, the 
approx i mate rela tion ships feel like pri mary bear ers of musi cal mean ing, with the 
exact hexachordal rela tion ship closer to being an intel lec tual con ceit. The choice 
between exact and approx i mate has immense con se quences for how we under
stand this music.

That choice is lia ble to be obscured by a line of rea son ing both tempt ing 
and invalid, anal o gous per haps to Kant’s “tran scen den tal illu sions.” The resem
blance between approx i mate twelvetone and exact seventone set the o ries can 
tempt the unwary musi cian into rejecting approx i mate set the ory as an anach
ro nis tic res i due of tonal think ing. In other words, we asso ci ate the terms sec ond, 
third, and fourth with their exact dia tonic mean ings, not real iz ing that they can 
be given approx i mate chro matic mean ings as well. Approximate set  the ory thus 

Figure 3.5. Two exact analyses by Allen Forte. A. Measure 17 of Schoenberg’s Herzgewächse op. 17. 
B. The opening of Schoenberg’s op. 11/1, analyzed in Figure 3.1.
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25Dmitri Tymoczko   Approximate Set Theory

comes to seem con tam i nated with tonal coo ties, deserv ing scorn and deri sion. 
Hence we find Forte rejecting such man i festly use ful terms as chro matic lines,  
tri ads, and chords in fourths.

We can even reimag ine dia tonic or sca lar set the ory as a kind of approx i ma
tion. Having absorbed the the o ret i cal pre sump tion of exac ti tude, I have always 
con ceived sca lar set the ory as a brand of exact set the ory, mea sur ing in sca lar 
rather than chro matic steps. This can be use ful to be sure. But we can also inter
pret sca lar set the ory as deal ing with the “hand shapes” of approx i mate set the ory. 
It just so hap pens that, within the con straints of a sevennote scale, these hand 
shapes are typ i cally real iz able in only one way: given a starting note in some dia
tonic scale, the only way to cre ate an approx i mate (chro matic) fourth chord is to 
use an (exact) dia tonic fourth chord. The issue here is more meta phys i cal than 
tech ni cal, a ques tion of the rel a tive weight of exact and approx i mate: tra di tional 
the ory pos tu lates that lis ten ers keep an accu rate tally of all  the inter vals they hear, 
whether dia tonic or chro matic; the alter na tive is that they imper fectly per ceive 
approx i mate shapes, which some times get trans lated into exact rela tion ships. We 
can reimag ine the exact rela tion ships as shad ows on the cave wall: per haps it is 
the approx i mate that is essen tial, with exac ti tude a mere appear ance.

4. Trichords

I begin by categorizing trichords using approx i mate inter val size, bin ning together 
(or “chunking”) the six non zero inter val clas ses into three groups: small (sec
onds, one or two semi tones), medium (thirds, three or four semi tones), and large 
(fourths, five or six semi tones), as well as their com ple ments (sev enths, sixths, 
and fifths). We define clus ters as chords that can be arranged as stacks of small 
inter vals, tri ads as chords that that can be arranged as stacks of medium inter
vals, and quartal chords as stacks of large inter vals. This pro duces four trichordal 
categories:

 1. Clusters: 012, 013, 024;
 2. Triads: 036, 037, 048;
 3. Quartal: 027, 016;
 4. Other (equi pol lent): 014, 015, 025, 026.

Each has a dis tinc tive shape under the hand: clus ters have their notes very close 
together, tri ads divide the octave nearly evenly, quartal chords have their notes 
clus tered in two antip o dal regions of pitchclass space, and the other/equi pol lent 
chords have two close notes with the third note at some dis tance—far ther apart 
than the third note of a clus ter, but closer than the third note of a quartal trichord. 
From this point of view, 014 is nearly clus tered, while 026 is both nearly quartal 
and nearly ter tian.38

38  The nearly ter tian qual ity of the 026 trichord is exploited in R64 and R68 of Stravinsky’s Petrushka and R89 of Rite of Spring, 
where the upper voices move in par al lel major thirds while the lower voice moves so as to alter nate between the minor triad 
and the 026 trichord; this is an exam ple of Jon a than Russell’s (2018) “kalei do scopic oscil la tion.”
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Because I am biased toward thirds, I have always under stood the “other” 
chords as gapped stacks of thirds. But we can also describe them as incom plete 
clus ters or incom plete fourth chords: given the notes BCE, we can add D to form 
the clus ter BCDE, G to form the ter tian CEGB, or F to form the quartal CFBE. 
Thus BCE is equally bal anced between the worlds of step, third, and fourth; I 
there fore say that it belongs to the equi pol lent cat e gory. The ter tian hear ing is 
of course cul tur ally priv i leged, but let us put that aside while work ing out the 
abstract logic of the sit u a tion.

Summing up, we can say that every chro matic trichord either is a near 
inter val cycle—clus ter, triad, or quartal—or is equally bal anced between these 
options, a “gapped” cycle miss ing one note, no mat ter which type of inter val 
we choose.39 Every cyclic chord has a char ac ter is tic voic ing that brings out its 
cyclic struc ture. For trichords, the char ac ter is tic voic ing is always close posi tion 
(cf. Figure 1.3, where the closeposi tion voic ing is labeled CTQ, or Figure 2.2, 
where the char ac ter is tic voic ings appear on the top staff). For these chords, the 
terms clus ter, ter tian, and quartal describe intrin sic qua lia that can be reinforced 
by voic ing but need not be, as they will sound clus tered or ter tian or quartal no 
mat ter how their notes appear in pitch. For equi pol lent chords, these same terms 
describe registral arrange ments rather than intrin sic qual i ties. Suppose, for exam
ple, we want to empha size that BCE is a near clus ter; we can do this by voic ing 
it in close posi tion as a gapped stack of sec onds, BC•E. If we instead want to 
empha size its iden tity as an incom plete ter tian sonor ity, we can voice it in close 
posi tion as a gapped stack of thirds, CE•B. If we want to empha size its quartal 
char ac ter, we should voice it in open posi tion as a gapped stack of fourths, C•BE. 
Different voic ings high light dif fer ent aspects of the set’s inter val struc ture.

Remember that only some of the chord’s registral inver sions bring out its 
cyclic qual ity: the voic ings C4–D4–E4 and D4–E4–C5 are both in close posi
tion, but only the first is clus tered. Looking back at the open ing of Schoenberg’s 
op. 11/1 (Figure 3.1), we see that the accom pa ni ment pres ents a series of equi
pol lent chords voiced as gapped fourth stacks, with a sev enth sep a rat ing the 
lower two notes; these gapped quartal voic ings are pre ceded by an openposi tion 
016 trichord, per haps prim ing us to hear the later chords’ quartal struc ture. It is 
also worth not ing that the nearly quartal voic ing of the 014 trichord, appearing 
as Schoenberg’s B♭•AD♭, is anom a lous within the equi pol lent group, its “quartal” 
voic ing involv ing a foursemi tone near fourth A–D♭. It is the only equi pol lent 
chord hav ing this qual ity, resid ing near the bound ary between equi pol lent and 
clus ter.

All of this sug gests a series of eartrain ing exer cises. One could start with 
cyclic voic ings of cyclic trichords, using pitch and reg is ter to rein force pitchclass 
con tent. Having mas tered this com par a tively sim ple task, one might then pro
ceed to “open” voic ings in which adja cent notes are sep a rated by fifths, sixths, and 

39  My tax on omy of trichords is rea son ably sim i lar to those offered by Ernst Krenek and Paul Hindemith (see Harrison 2016: 
49–57).
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27Dmitri Tymoczko   Approximate Set Theory

sev enths; these are harder to rec og nize as the ear needs to com pre hend widely 
sep a rated notes. One could then pro ceed to con sider arbi trary spac ings, empha
siz ing pitchclass con tent at the expense of voic ing and pitch. But it would also 
be pos si ble to go in the other direc tion, ask ing stu dents to rec og nize the dif fer
ent equi pol lent voic ings. Here pitchclass con tent is irrel e vant, as every equi
pol lent chord can be voiced as a gapped clus ter (close posi tion and span ning 
4–6 semi tones), as a gapped stack of thirds (close posi tion and span ning 10–11 
semi tones), or as a gapped stack of fourths (open posi tion, span ning 15–16 semi
tones). In this con text adjec tives like quartal and clus tered refer only to spac ing in 
pitch and not to intrin sic inter val lic con tent. The eartrain ing task requires that 
we treat G3–F4–B♭4 as a gapped fourth stack rather than as a third stack, and 
D4–E4–G4 as a gapped stack of sec onds.40 This requires attend ing to fea tures 
often consigned to the domain of taste and intu i tion.

If we cat e go rize trichords by the nearest equiheptatonic setclass (ignor ing 
multisets), we recover the same clas si fi ca tion:

 1. Clusters (equiheptatonic 0127): 012, 013, 024;
 2. Triads (equiheptatonic 0247): 036, 037, 048;
 3. Fourth chords (equiheptatonic 0147): 027, 016;
 4. Equipollent (equiheptatonic 0137): 0141, 015, 025, 0263.

The super scripts indi cate that some of these chords are very close to a tem plate 
other than that to which they are offi cially assigned: the nota tion 0141 indi cates 
that the equi pol lent 014 almost belongs to cat e gory 1 (the clus ters or onestep 
cycles), and 0263 indi cates that the equi pol lent 026 is close to being quartal (cat
e gory 3, the threestep cycles).41

Practically speak ing, there is no dif fer ence between chunking chro matic 
inter vals and quan tiz ing to the nearest equiheptatonic setclass. However, equi
heptatonic quan ti za tion can help us under stand deeper fea tures of the under ly
ing musi cal logic. In the seventone uni verse there are only four trichords: the 
clus ter 0127, the triad 0247, the fourth chord 0147, and the equi pol lent 0137 (along 
with its inver sion 0237). The 0137 set can eas ily be seen to be a gapped clus ter 
0–1–[2]–37, a gapped ter tian chord 1–3–[5]–07, and a gapped fourth chord 1–
[4]–0–37. This last arrange ment spans more than an octave and hence requires 
an openposi tion voic ing. The equi pol lent setclass is the only one that is not 
inversionally sym met ri cal, with its inver sion 0237 turn ing the pre ced ing shapes 
upside down: 0–[1]–2–37, 3–[5]–0–27, and 0–3–[6]–27.

Equiheptatonic categories can help us track what might oth er wise feel like 
an over whelm ing abun dance of musi cal pos si bil i ties. The top line in Figure 4.1 
shows a sequence of voicelead ing moves in dia tonic space, here representing 

41  Subscripts  and  super scripts  have  very  dif fer ent mean ing:  sub scripts  iden tify  the  size  of  a  containing  scale,  whereas  
super scripts iden tify near-mem ber ship in var i ous approx i mate set-clas ses.

40  Interested  read ers  are  invited  to  explore  an  ear-train ing  website  I  have  built  (https:  /  /www  .madmusicalscience  .com   
/eartraining  -voicing  .html).
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the equiheptatonic scale. The voice lead ing in ques tion is what I call the basic 
voice lead ing, a tem plate that com bines with trans po si tion to gen er ate all  the 
spac ingpre serv ing voicelead ings between transpositionally related trichords 
(Tymoczko 2020b). Underneath the exam ple I show how the equiheptatonic 
pat tern appears in chro matic space. These chro matic var i ants can be under stood 
as man i fes ta tions of the same equiheptatonic tem plate; though dif fer ent in their 
details, they are broadly sim i lar under the hand. The dia tonic/equiheptatonic 
model can thus func tion as a mne monic, a tool for inter nal iz ing a large num ber 
of chro matic options.

Now let us recon sider these phe nom ena from the point of view of con crete 
scale mem ber ship. For each of the twelve chro matic trichords we ask what sca lar 
setclas ses it forms when embed ded in the sevennote Pressing scales (dia tonic, 
acous tic, har monic minor, and har monic major):

 1. Clusters (sca lar 0127): 013, 024, 014;
 2. Triads (sca lar 0247): 036, 037, 048;
 3. Fourth chords (sca lar 0147): 027, 016;
 4. Equipollent (sca lar 0137): 014, 015, 025, 026;
 5. None: 012.

There are two main dif fer ences from the pre vi ous lists: there is no Pressing scale 
containing the 012 chro matic clus ter, and the 014 trichord is both clus terlike and 
equi pol lent.42 (In lists of set clas ses, I use bold face to iden tify chords belong ing 
to mul ti ple categories.) This ambi gu ity recalls a fact men tioned ear lier, that the 

Figure 4.1. Chromatic voice-leading possibilities understood  
with reference to a diatonic (or equiheptatonic) template.  
In each column the chromatic voice leadings can be understood  
as manifestations of the diatonic template at the top. Beneath  
each column is a heuristic description of the underlying pattern.

42  As discussed in sec tion 2, I dis card unusual embed dings, such as the fourth chord G–A♯–D.
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29Dmitri Tymoczko   Approximate Set Theory

“incom plete quartal” voic ing of the 014, C–[f]–B–E♭, requires a four semi tone 
“near fourth.” In other words, the 014 trichord is the most clus tered of the equi
pol lent chords.

These ideas have a beau ti ful geom e try. Figure 4.2A labels chro matic and 
equiheptatonic setclas ses within the con tin u ous space representing threenote 
setclas ses. The space is bounded on left and right by the line of gen er ated col lec
tions (inter val cycles), which appears to change direc tion at the ver tex of the tri
an gle: begin ning at the lower left with the tri ple uni son 000; ascend ing along the 
left bound ary as the size of the gen er at ing inter val increases; pass ing through 012, 
024, and 036 and then reaching the aug mented triad at the top of the tri an gle; 
fur ther increas ing the size of the gen er a tor moves us down ward along the right 
bound ary until we reach the tri tone with dou bled note (060 or 006). Increasing 
the gen er a tor beyond that point retraces this same path in the oppo site direc
tion. (The bot tom of the space con tains multisets, which I ignore.) Figure 4.2A  
high lights regions containing the dif fer ent chord categories, enclosing clus ters 
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Figure 4.2. A. Three-note set-class space, with regions corresponding to clustered  
(triangle), tertian (quadrilateral), quartal (pentagon), and equipollent (oval) set- 
classes. Small italic labels show equal-tempered chromatic sets; large bold labels  
show equiheptatonic set-classes. B. Single-step voice leadings among equihep  ta-
tonic set-classes.
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in a tri an gle, tri ads in an quad ri lat eral, and quartal har mo nies in a pen ta gon. 
Equipollent chords are in an oval at the cen ter of the space, equally far from the 
bound aries. There are mul ti ple chro matic chords in each region, gath er ing the 
iso lated points of tra di tional set the ory into larger com mu ni ties—countries 
rather than citystates. There is also a sin gle equiheptatonic col lec tion in each 
region, serv ing as an abstract pro to type and occu py ing a posi tion remark ably 
close to the region’s cen ter. This is the geo met ri cal link between the approx i mate 
twelvetone and exact seventone worlds. Figure 4.2B pres ents a more abstract 
graph that shows how the approx i mate setclas ses are related by sin glestep voice 
lead ing, with the equi pol lent chord in the cen ter of the net work.

Interval cycles are cen tral to a range of chordclas si fi ca tion sys tems, dat ing 
back to Cowell, Persichetti, and Howard Hanson and con tinu ing with the work 
of Forte, Quinn, Jason Yust, Richard S. Parks, and Robert D. Morris.43 Cowell, 
 Persichetti, and I are the only writ ers in this group who use coarsegrained generic 
inter vals rather than finegrained chro matic spe cies (e.g., “sec ond” instead of 
“major sec ond”). In my view these approx i mate categories have many advan
tages. One is their close con nec tion to com po si tional pos si bil ity: chords within 
a cat e gory often have sim i lar capabilities (e.g., all  the equi pol lent chords have an 
openposi tion voic ing in which one pair of adja cent notes is sep a rated by about 
five semi tones while the other pair is sep a rated by about twice that dis tance). 
They are also con du cive to com po si tional flex i bly, encour ag ing com pos ers to use 
a range of closely related setclas ses rather than just one (e.g., using both 027 and 
016 rather than just 027). Perceptually, approx i mate categories leave room for 
lis tener imper fec tion, allowing that peo ple might some times be  able to hear that 
a chord is quartal with out iden ti fy ing its exact inter val lic struc ture. Finally, they 
allow us to view sim i lar phe nom ena from both chro matic and sca lar per spec
tives, show ing that the same pro ce dures might be used in both tonal and atonal 
 con texts—or in music com bin ing tonal and atonal ideas.

And even though we are using approx i mate categories, we can still make pre
cise ana lyt i cal state ments about their rela tion ships. In pre vi ous work I have shown 
that any nvoice voice lead ing can be gen er ated by repeat edly apply ing five ele
men tary trans for ma tions: trans po si tion along a chord, trans po si tion along a scale, 
spac ingpre serv ing neoRiemannian trans for ma tions, nor malformpre serv ing  
per tur ba tions, and pairwise voice exchanges (Figure 4.3). All but the voice 
exchanges pre serve voic ing, or spac ing in chordal steps; all  but the per tur ba tions 
pre serve setclass.44 These same voice lead ings can be found in the approx i mate 
domain as well—sim ple trans for ma tions complementing the sim ple chord cate
gories of approx i mate set the ory.

43  Cowell (1930) 1996; Hanson 1960; Persichetti 1961; Forte 1988; Parks 1989; Morris 1982, 1993, 1997; Quinn 2001, 2006, 2007; 
Yust 2016.

44  Unrestricted per tur ba tions can be chained together to pro duce any bijec tive voice lead ing what so ever; fol low ing John 
Roeder (1984, 1987), I limit them to those relat ing nor mal-form chords. In approx i mate set the ory we often want to dis tin-
guish per tur ba tions that pre serve approx i mate set-class from those that do not.

D
ow

nloaded from
 http://read.dukeupress.edu/journal-of-m

usic-theory/article-pdf/67/1/1/1973785/1tym
oczko.pdf?guestAccessKey=1f7c6515-12d0-4c5d-9759-2b0eb8eedee3 by guest on 18 June 2023



31Dmitri Tymoczko   Approximate Set Theory

Figure 4.4 uses these trans for ma tions to ana lyze the voice lead ings con
necting the accompanimental trichords in the open ing of Schoenberg’s op. 11/1. 
All but chord 7a are in open posi tion with a sev enth between the lower two 
voices; all  but chords 5 and 7a used the gapped quartal voic ing on Figure 2.2. 
Most are equi pol lent 0137 trichords, though there are two “near equi pol lents” a 
semi tone away. (To treat these as near equi pol lents is to rec og nize the fuzz i ness 
of the bound aries between approx i mate setclas ses.)45 At each change of chord 
there is a sin glestep per tur ba tion that slightly alters the under ly ing setclass. 
The first three voice lead ings are what Joseph Straus (2003) describes as “nearly 
trans po si tional,” mov ing voices by nearly the same amount. The fifth chord is an 
0237 trichord, connected to its neigh bors by the neoRiemannian voice lead ing 
pre serv ing the lowervoice sev enth (J0).46 The final voic ing is in close posi tion, 
with the mel ody’s B♭ sup ply ing the expected tenth above the bass. While this 
anal y sis is tech ni cal and pre cise, the under ly ing rela tion ships are quite intu i tive, 
sim ple hand shapes transformed in sim ple ways: openposi tion trichords voiced 
with a tenth in the bass. The sur prise is that intu i tive explo ra tion gives rise to 
such a com plex yet surveyable land scape.

As a mod ern ist icon, Schoenberg’s op. 11/1 is rivaled only by Igor Stravinsky’s  
Rite of Spring—a piece that also begins with openposi tion equi pol lent trichords 

Figure 4.3. The five basic voice-leading transformations: transposition along an  
extrinsic scale, transposition along the intrinsic scale, neo-Riemannian voice leadings,  
normal-form preserving perturbations (not needed when chords are TI-related), and  
the small voice exchange c0 that swaps the chord’s closest notes, moving them in  
exact contrary motion by the smallest possible distance.

45 Schoenberg uses every approx i mate set-class containing a step, which is to say, every approx i mate set-class other than 
ter tian.

46  As in sec tion 1 above, I use neo-Riemannian voice lead ing to refer to spac ing-pre serv ing voice lead ings from a chord to its 
inver sion. The voice-lead ing J0 is the neo-Riemannian voice lead ing pre serv ing the notes of a pitch-class set’s smallest inter-
val. For a con so nant triad, this is the neo-Riemannian L trans for ma tion. The voice lead ing J2i pre serves the pair of notes i steps 
below the smallest inter val in the inversional nor mal order ing, con sid ered as cir cu lar. For a con so nant triad, J1 is R and J2 is 
P. For odd car di nal ity, this defi nes all  the oper a tions Ji. For even car di nal ity, the odd inver sions J2i + 1 pre serve the notes of the 
two-step intrin sic inter val between the upper note of the intrin sic step pre served by J2i and the lower note of the intrin sic step 
pre served by J2(i + 1). So, for the chord A–B–D–F, J0 pre serves (A, B), J1 pre serves (F, B), J2 pre serves (F, A), and J3 pre serves (D, A). 
For a chord with mul ti ple smallest inter vals, dif fer ent ana lyt i cal cir cum stances may sug gest dif fer ent choices about which 
voice-lead ing to label J0. These def i ni tions derive from the def i ni tion of ix in Tymoczko 2020b: 32–33. Readers can explore 
these trans for ma tions using my online voice-lead ing cal cu la tor at https:  /  /www  .madmusicalscience  .com  /nr  .html.
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with a fixed dis tance between their lower two voices. Figure 4.5 shows that the 
fixed dis tance is a fourth and that all  the chords belong to the same approx i mate 
setclass. The pas sage uses just three trans for ma tions: the sin glesemi tone dis
place ment exchang ing 045 and 035 trichords (or their inver sions, 015 and 025), 
the neoRiemannian voice lead ing J2 pre serv ing the lowervoice fourth, and chro
matic trans po si tion.47 All of the approx i mate 023 chords are voiced as gapped 
fourth stacks, giv ing the pas sage a quartal qual ity.48 It is intrin sic to the musi
cal logic that the approx i mate 013 trichords are not gapped fourth stacks, for if 
one wants openposi tion voic ings between approx i ma tely inversionally related 
trichords, then one has to choose between lowervoice par al lel ism and the 
gapped quartal spac ing. Figure 4.6 includes two recom po si tions illus trat ing this 
depen dency. Both use the same mel ody, the same openposi tion voic ing, and the 
same sequence of exact and approx i mate setclas ses. The first shifts the par al lel
ism to the outer voices so that they move in approx i mate tenths; this  con straint, 

Figure 4.4. Voice leadings at the opening of Schoenberg’s op. 11/1. To obtain the progression, 
apply the perturbation and then the transformation. For example, starting with the first chord, 
move B to A and then transpose up by four semitones. Almost all the trichords are in the “A” 
arrangement, with a seventh between the lower two voices (10 or 11 semitones) and a major third 
or fourth between the upper two (4, 5, or 6 semitones); the fifth chord is generated from the neo-
Riemannian (NR) inversion J0, preserving the lower-voice seventh and moving the top voice so that 
it forms approximate set-class 023, the inversion of 013.

47  This anal y sis in terms of approx i mate inver sion is due to Russell 2018.

48 Stravinsky’s fourth + sev enth arrange ment is the inver sion of the more com mon sev enth + fourth, appearing in 
 Schoenberg’s op. 11/1.
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along with the open voic ing and the shared setclass struc ture, ensures that every 
chord is a gapped fourthstack.49 The sec ond shifts the par al lel fourths to the 
upper voices, mov ing the gapped quartal voic ings to the approx i mate 013 sets, 
exactly where the orig i nal pas sage lacked them. I think the first recom po si tion 
sounds more quartal but less par al lel than Stravinsky’s orig i nal, as all  the har mo

Figure 4.5. The opening of Stravinsky’s Rite of Spring presents a series of equipollent trichords. The neo-
Riemannian J2 transform preserves the perfect fourth. Once again, apply the perturbation before the other 
transformations.

Figure 4.6. A reduction of mm. 4–6 of Rite of Spring, along with two recompositions that shift the 
parallel motion to other pairs of voices. This moves the position of the gapped quartal voicings.

49  The pres er va tion of exact set-class forces the par al lel ism to be approx i mate rather than exact, since 045 and 035 have 
dif fer ent spe cies of third.
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nies are voiced as gapped fourth stacks, but the par al lel ism is only approx i mate. 
The sec ond recom po si tion has fewer gapped quartal voic ings, but the par al lel
ism is clearer. Here approx i mate set the ory reveals the com plex inter re la tion ships 
among the dif fer ent fea tures of Stravinsky’s phrase.

5. Tetrachords

Tetrachords offer a sub stan tially more com plex array of com po si tional pos si bil
i ties. Once again, we begin by “chunking” inter vals, con sid er ing clus ters to be 
stacks of sec onds, ter tian chords to be stacks of thirds, and quartal chords to be 
stacks of fourths:

 1. Clusters (6): 0123, 0124, 0134, 0135, 0235, 0246;
 2. Tertian (5): 0148, 0158, 02583, 03583, 0369;
 3. Quartal (4): 0156, 0157, 0167, 02571;
 4. Equipollent (4): 0137, 0237, 01361, 024713;
 5. Noncyclic (10): 0126, 0127, 0347, 01251, 01451, 02361, 014613, 01473, 02482, 

026823.

Superscripts again indi cate prox im ity to a sec ond cat e gory: super script 1 indi
cates a near clus ter with a sin gle threesemi tone step, super script 2 indi cates a 
nearter tian chord with a sin gle dimin ished third, and super script 3 indi cates a 
near fourth chord with a sin gle dimin ished fourth. Equipollence is defined inter
vallically: when using clus ter ing, an equi pol lent tet ra chord is contained within a 
fivenote clus ter, ter tian, and fourth chord.50

Each cat e gory has a dis tinc tive shape under the hand: clus ters have their 
notes as close together as pos si ble, ter tian chords divide the octave nearly evenly, 
quartal chords have two pairs of notes sep a rated by roughly half an octave, and 
equi pol lent chords are grouped “3 + 1,” with three notes close together (but not 
too close) and an out lier about two steps away from the rest. Knowing the shapes 
allows you to imme di ately rec og nize a chord’s com po si tional poten tial.

Figure 5.1 shows the pitchclass con tent of a fournote inter val cycle as the 
size of the gen er at ing inter val g grad u ally increases: when g is four semi tones or 
less, the inter val cycle spans less than an octave; when g is between four and six, 
the top note lies between the octave trans po si tion of the first and sec ond notes, 
pro duc ing the (2, 1, 2) voic ing. Thus the char ac ter is tic voic ing is close posi tion 
for clus ters and ter tian chords, and (2, 1, 2) or “drop 2” for fourth chords. As 
before, the equi pol lent chords use dif fer ent voic ings to express their dif fer ent 
affil i a tions: to rep re sent ABCE as an incom plete stack of sec onds, we use close 
posi tion (ABC•E); to rep re sent it as an incom plete stack of thirds, we use the (2, 
1, 2) voic ing (ACE•B, or A b C E a B); and to rep re sent it as an incom plete stack 
of fourths, we use the (3, 2, 1) voic ing (C•BEA or C e a B c E A). The  equi pol lent 

50 In gen eral, we can define an n-note chord as equi pol lent if it is contained within an (n + 1)–note clus ter, stack of thirds, 
and stack of fourths.
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FABC, the inver sion of ABCE, instead uses the (1, 2, 3) voic ing to express its 
nearquartal aspect (CFB•A or C F a B c f A).

These voic ings are sys tem at i cally related by a series of octave dis place
ments: to go from close posi tion to (2, 1, 2) we can move the sec ond low est note 
up by an octave; to go from (2, 1, 2) to (3, 2, 1) we can repeat the pro ce dure, 
mov ing the sec ond low est note up by an octave once again (Figure 5.2).51 Figure 
5.3 graphs this pro cess: mov ing between con cen tric squares changes the voic
ing, while mov ing along the squares trans poses along the intrin sic scale, chang ing 
registral inver sion. Though the graphs look sim ple on the page, it takes con sid er
able effort to inter nal ize them: inter ested read ers might prac tice mov ing between 
these voic ings on their instru ment, chang ing setclas ses and adding extrin sic 
trans po si tion as they get more com fort able.

Arranging the cycles in the cir cu lar order clus ter → ter tian → quartal → 
(clus ter) reveals an inter est ing sym me try: each approx i mate setclass is a sin gly 
gapped stack of its suc ces sor’s inter vals and dou bly gapped stack of its pre de ces
sor’s inter vals. Thus the clus ter is a sin gly gapped third stack, DF•CE voiced (2, 1, 
2) in intrin sic steps, and a dou bly gapped fourth stack, E•D•CF voiced (3, 3, 3).  
The ter tian chord is a sin gly gapped fourth stack, GC•BE voiced (2, 3, 2), and 

0 0

open circles are lower-octave notes

g 

g 

Figure 5.1. Generated tetrachords with generating intervals g = 2 and 5.

51 These trans for ma tions gen er al ize gui tar ists’ drop-2 and drop-3 nomen cla ture. Alternatively, as noted in Bicket 2001, one 
can obtain the (2, 1, 2) voic ing (which pia nist Barry Harris called “long”) by cross ing the outer notes of a close-posi tion voic ing 
(a “short chord” in Harris’s ter mi nol ogy).

Figure 5.2. Octave displacements relating 
the close, tertian, and (3, 2, 1) or (1, 2, 3) 
voicings. Either the second lowest note 
moves up by an octave or the second 
highest note moves down by an octave.
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Figure 5.3B. A transformational graph relating voicings of ACDE. 
Boldface shows the gapped clustered, gapped tertian, and gapped 
quartal voicings.
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a dou bly gapped clus ter, G•BC•E in close posi tion. And the fourth chord is a 
gapped clus ter in close posi tion, CD•FG, and a dou bly gapped third stack, 
DF•C•G (1, 2, 3). These voic ings are shown on the sec ond staff of Figure 2.2.

This sym me try can be under stood with ref er ence to dia tonic quan ti za tion. 
John Clough (1979, 1994) and Jason Yust (2009) have noted that, in any seven 
note scale, the M2 trans form sends steps to thirds, thirds to fifths, and fifths to 
ninths, which are steps when we ignore octave; indeed, a sequence of three suc
ces sive M2 trans forms pre serves pitch class (Figure 5.4).52 This explains the 
rela tions among the dif fer ent approx i mate setclas ses: a clus ter, or gapped third 
stack, becomes a ter tian chord when its inter vals are mul ti plied by 2, and the clus
ter’s “gapped ter tian” voic ing becomes “gapped quin tal” (which per the appen dix 
can be converted into gapped quartal). Figure 5.4 shows that the equi pol lent set 
clas ses are invari ant under this M2 trans form, which in turn explains their sta tus 
as gapped stacks of each inter val.53

Once again, we can imag ine a sequence of eartrain ing exer cises, starting 
with the cyclic tet ra chords voiced cycli cally and progressing to the dif fer ent 
voic ings of the equi pol lent tet ra chords. Here there is the added wrin kle that a 
tet ra chord’s intrin sic inter val struc ture can con flict with its pitchspace arrange
ment. Intrinsically, the tet ra chord C–D–E–F is clus tered and not at all  ter tian, 
yet it can be arranged in reg is ter as an incom plete third stack, D4–F4–C5–E5. 
To my ear this arrange ment sounds like a ninth chord. Something sim i lar could 
be said for E3–B3–C♯5–G♯5, which sounds very much like a stack of fifths (miss
ing only F♯4) despite hav ing the abstract pitchclass con tent of a minorsev enth 
chord. Once again we see how chord qual ity depends on com po si tional choice: 
a stu dent who treats D4–F4–C5–E5 as a clus ter or E3–B3–C♯5–G♯5 as a minor 
sev enth chord, full stop, will likely be miss ing some thing. Pitch class does not 
always trump pitch.

Figure 5.4. In a seven-tone scale, the M2 transform 
sends clusters to tertian, tertian sets to quartal, 
and quartal to cluster. The equipollent set-
classes (open note heads = trichord, closed note 
heads = tetrachord) are preserved under the 
transform.

52 Thanks here to Jason Yust.

53  The equi pol lent trichord C–D–F–(C) has step inter vals 1–2–4, which are cir cu larly per muted by M2, becom ing 2–4–1 and 
4–1–2. In other words, the trichord’s inter nal inter val lic struc ture mir rors the orbit of the trans for ma tional cycle.
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There are also tet ra chords with out man i fest cyclic struc ture. The major
ity of these are very nearly cyclic and can be assigned to the appro pri ate catego
ries; indeed, both the 0268 French sixth and the 0248 “dom i nant sev enth sharp 
five” are often cat e go rized as nearly ter tian. The remaining non cy clic sets can be 
under stood as gapped but not equi pol lent; 0127, for exam ple, can be expressed 
as a sin gly gapped stack of fourths 271•0 but not as a sin gly gapped stack of sec
onds or thirds; in this respect it is more quartal than ter tian or clus tered. One 
way to put this is that, while we can still voice these chords in the char ac ter is tic 
ways—as a clus ter, stack of thirds, stack of fourths, or the var i ous “equi pol lent” 
voic ings—none of these voic ings will be mark edly even; these chords are more 
intervallically het ero ge neous than those in the first four categories. What is sur
pris ing is not that such chords exist but that they com prise such a small part of 
the tetrachordal uni verse.54

Turning to con crete scale mem ber ship we obtain very sim i lar categories:

 1. Clusters (6, sca lar 01237): 0134, 0135, 0145, 0235, 0236, 0246;
 2. Stacks of thirds (5, sca lar 02467): 0148, 0158, 0258, 0358, 0369;
 3. Fourth chords (6, sca lar 01347): 0146, 0147, 0156, 0157, 0257, 0268;
 4. Equipollent (8, sca lar 01247): 0136, 0137, 0147, 0236, 0237, 0247, 0248, 0347;
 5. Octatonic (1, sca lar 01458): 0167;
 6. None (5): 0123, 0124, 0125, 0126, 0127.

The two sys tems agree com pletely about the ter tian cat e gory and about the 
major ity of the other cases. Many dis agree ments reflect minor dif fer ences of 
empha sis; 0146, for exam ple, is a sca lar fourth chord, but a near fourth chord in 
the chunking approach.

Categorizing chords by equiheptatonic quan ti za tion gives the fol low ing 
categories:

 1. Clusters (7, equiheptatonic 01237): 0124, 0134, 0135, 0145, 0235, 0236, 
02463;

 2. Stacks of thirds (7, equiheptatonic 01357): 0148, 0158, 0369, 035834, 0268, 
02584, 0248;

 3. Stacks of fourths (7, equiheptatonic 01347): 0156, 014614, 01572, 02574, 0268, 
02584, 01472;

 4. Equipollent (10, equiheptatonic 01247): 0126, 0137, 0237, 01361, 03471, 
024723, 0236, 02463, 0248, 01472;

 5. None (4): 0123, 01251, 01673, 01274.

This is a sim i lar list with the same basic hand shapes: clus ters, tri ads,  quartal 
chords grouped 2 + 2, and equi pol lent chords grouped 3 + 1.55 However, the 
 categories over lap more than in the other sys tems. Once again, equiheptatonic 

54 Some of these non cy clic sets are quite close to equiheptatonic multisets, which I dis card in my cat e go ri za tion. Hanson 
1960 has an ana logue to my non cy clic cat e gory.

55 Once again, bold face is used for chord dupli ca tion, and super scripts are used to indi cate prox im ity to some cat e gory other 
than the one to which a chord is assigned thus 0146, though clos est to the equiheptatonic fourth chord, is fairly close to the 
clus ter (with just one inter val of size 3) and fairly close to the equi pol lent cat e gory.
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categories can help us understand voice leading; for exam ple, a descendingfifth 
pro gres sion of equiheptatonic fourth chords can be voiced with pairs of voices 
descending in alter nat ing steps, and sim i lar pat terns are avail  able in twelvetone 
equaltem per a ment (Figure 5.5).

Figure 5.6 com pares the dif fer ent sys tems, aligning tet ra chords spa tially. I 
do not plan to adju di cate among them, as I am more impressed by their con ver
gence than by their dif fer ences. In each case there are four basic chord shapes: 
clus ters and ter tian tet ra chords, whose cyclic struc ture is man i fest in close posi
tion, fourth chords grouped 2 + 2, and “equi pol lent” chords grouped 3 + 1, plus a 
few out li ers. An atonal com poser might think about these shapes using approx i
mate inter val sizes, a tonal musi cian might think about how they sit inside famil
iar scales, and a com pu ta tion ally savvy music the o rist might derive them via 
equiheptatonic quan ti za tion. Different musi cians may also draw slightly dif fer ent 
bound aries—one con sid er ing 0146 a near clus ter, another con sid er ing it a near 
fourth chord. The details are less impor tant than the big pic ture.

That pic ture again has an ele gant geom e try, though it is more dif fi cult to 
visu al ize since fournote setclass space is inher ently threedimen sional. Figure 
5.7 graphs a twodimen sional cross sec tion of the space, containing all  tet ra chords 
whose smallest inter val is a semi tone; superimposed on it is the onestep layer of 
equiheptatonic space, containing all  the equiheptatonic tet ra chords with out dou
blings. (These equiheptatonic setclas ses lie in the third dimen sion, a cen ti me ter or 
so above the paper.) The line of gen er ated tet ra chords passes three times through 
the semi tonal chro matic layer at the three points marked with cir cles: 0123 (which 
also appears on the fig ure as 012B), 0, 3.66, 7.33, 11 (which is on the bound ary in 
the 0135 region), and 0, 5.5, 11, 4.5 (on the bound ary in the 0134 region). Each of 
these inter sec tions cor re sponds to a cyclic cat e gory: the tri an gu lar region con tains 
clus ters, the quad ri lat eral con tains third stacks, and the pen ta gon con tains fourth 
stacks. These are again con tig u ous regions in the space, though now with some 
over laps and with a few chords out side each region. Equiheptatonic pro to types are 
very close to the cen ter of the regions they rep re sent.

Figure 5.5. Efficient descending-fifth voice  
leading connecting quartal voicings, in both  
diatonic and chromatic space.
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Analytically, this per spec tive helps us con cep tu al ize rela tion ships that 
might oth er wise be dif fi cult to describe. Schoenberg’s Pier rot Lunaire opens 
with a heavy empha sis on thirds (Figure 5.8): the piano alter na tes between a ter
tian trichord and an equi pol lent tet ra chord voiced as a gapped third stack, while 
the vio lin and flute com bine to form a smeared triad.56 The two tet ra chords are 
mem bers of the same setclass, but I am not cer tain that is impor tant: given how 
many sets can be found in this music, and the pau city of sys tem atic rela tion ships, 
I find it more sat is fy ing to lis ten approx i ma tely. Not only are the approx i mate 
rela tion ships eas ier to hear, but they are more reli ably pres ent—indeed, they are 
char ac ter is tic of Schoenbergian ato nal ity.

Another exam ple comes from Hans Stuckenschmidt (1965), who observed 
that the pro gres sion in Figure 5.9 appears in the work of both Alban Berg and 

chunking
concrete

scale
7tet

1. clusters

0123, 0124, 

0134, 0135, 

0235, 

0246

0134, 0135, 

0145, 0235, 

0236, 0246

0124, 

0134, 0135, 

0145, 0235, 

0236, 02463

2. tertian

0148, 0158, 

02583,02593, 

0369

0148, 0158, 

0258, 0259, 

0369

0148, 0158, 

02584,025934, 

0369, 0268, 

0248

3. quartal
0156, 0157, 

0167, 02571

0146, 0147, 

0156, 0157, 

0167, 0257, 

0268

014614, 01472, 

0156, 01572, 

02574, 

0268, 02584

4. equipollent

01361, 0137, 

0237, 024713

0136, 0137, 

0237, 0247, 

0147, 0236, 

0248, 0347

01361, 0137, 

0237, 024723, 

01472, 0236,

0248, 03471 

02463, 0126

noncyclic

01251, 0126, 

0127, 

0347, 01451, 

02361, 014613, 

01473, 02482, 

026823

0123, 0124, 

0125, 0126,

0127

0123, 

01251, 01673, 

01274

Figure 5.6. Comparing the three different classification systems:  
chunking, concrete scale, and equiheptatonic (7tet). Tetrachords  
are aligned spatially within each row.

56  The 0147/0367 tet ra chord is equi pol lent  in the con crete scale and equiheptatonic approaches but not in the chunking 
approach.
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41Dmitri Tymoczko Approximate Set Theory

 Figure 5.9.    A progression used by both Debussy and Berg.

 Figure 5.8.    Tertian structures at the start of Schoenberg ’ s 
Pierrot Lunaire.

0156 0157 0158

0145
0146 0147 0148

0149

0134
0135 0136 0137 0138 0139 013A

0123 0124 0125 0126 0127 0128 0129 012A 012B

0167

0134

0123 0124 0125 0126

0135

 Figure 5.7.    The single - semitone layer of chromatic tetrachordal set - class space, superimposing 
the one - step layer of diatonic tetrachordal set - class space. Circles represent generated collections. 
Shapes represent clustered (triangle), tertian (quadrilateral), quartal (pentagon), and equipollent 
(oval) set - classes. Small italic labels show equal - tempered chromatic sets; large bold labels show 
equiheptatonic set - classes.
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Claude Debussy. In Debussy one can inter pret it as a distorted descendingfifth 
sequence alter nat ing dia tonic and alteredscale dom i nants; indeed, the pro gres
sion is idi o matic in jazz and related genres. The more inter est ing ques tion is how 
it func tions in the nonscalar and almost atonal idiom of Berg’s op. 2. Here it is 
use ful to attend to the superimposed melodic inter vals, per fect fourths in the bass 
against semi tones in the upper voices, com bin ing to pro duce some what quartal 
har mo nies: a gapped fourth chord B♭•A♭DG alter nat ing with the nearly quartal 
E♭GCF♯. One might think of the melodic inter vals as rigid struc tures anal o gous 
to the twelvetone order ing in Figure 1.8; the nearquartal verticalities are a resul
tant struc ture anal o gous to the approx i mate rela tion ships discussed at the end 
of sec tion 3. Approximate set the ory thus helps us rec og nize sim i lar pat terns of 
thought appearing across the tonal/atonal bound ary—not just in Berg’s tonal ity 
and Schoenberg’s twelvetone music, but in Debussy as well.

A third exam ple is the mys te ri ous pas sage near the start of The Rite of Spring 
(Figure 5.10): a lowerreg is ter fourth moves in reg u lar waves while an upperreg is ter  
fourth alter nately forms a smeared fourth stack and a nearly quartal voic ing, (0, 5, 
7, 12) and (0, 5, 9, 2) in semi tones. I think pitch is as impor tant as pitch class here: 
it is not just that the Stravinsky deploys two kinds of tet ra chord each containing a 
pair of per fect fifths, 0057 and 0257, but that he voices the chords to high light the 
inter val lic resem blance.57 Pitch and pitch class together cre ate the musi cal effect.

Such pas sages reinforce the claim that non tonal music com bines two dif fer
ent kinds of struc ture: a rigid syn tax involv ing exact pitchclass rela tion ships (sets, 
rows, etc.), and a more flex i ble sys tem of approx i mate rela tion ships, often man
ifested in pitch. The rigid struc ture under writes the com par a tively highpres tige  
dis ci pline of posttonal the ory and has dom i nated the dis course surrounding 
this music. The more flex i ble struc ture has been rel e gated to the less pres ti gious 

Figure 5.10. Measure 32 of Rite of Spring.

57  This is very sim i lar to Figure 4.5 and one of many pas sages in the Rite where one group of voices move in par al lel while 
the  remaining  voices  alter nate  to  cre ate  two  dif fer ent  set-clas ses,  a  tech nique  Russell  (2018)  has  called  “kalei do scopic  
oscil la tion.”
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domain of ped a gogy and “composerly intu i tion”—and some times dismissed alto
gether.58 The con cept of voic ing, under stood by way of the intrin sic scale, allows 
us to make pre cise obser va tions about this more flex i ble realm: the pas sages we 
have con sid ered depend not just on pitchclass con tent, but on how pitch clas ses 
are placed in reg is ter. In many cases these pitch struc tures are immune to small 
per tur ba tions, allowing us to iden tify com mon al i ties invis i ble to stan dard post
tonal the ory. Approximate lis ten ing thus pro vi des a mid dle ground between set
the o ret i cal exac ti tude and a very gen eral ges tural lis ten ing that dis re gards details 
in favor of broad tra jec to ries of reg is ter, con tour, and tex ture.59

6. Pentachords

Equiheptatonic quan ti za tion pro vi des the sim plest view of the pentachordal 
 uni verse:

 1. Clusters (9, equiheptatonic 012347): 01246, 01346, 01356, 01457, 02357, 
013472, 013572, 02458, 024683;

 2. Tertian (9, equiheptatonic 012357): 01248, 01348, 01358, 01458, 023581, 
024693, 02458, 024683, 01369;

 3. Quartal (9, equiheptatonic 012457): 01268, 01468, 01478, 01568, 02479, 
013682, 014692, 0236812, 01369;

 4. Noncyclic (14): 01234, 01235, 01236, 01237, 01245, 012561, 012571, 023461, 
023471, 034581, 0136713, 012472, 012582, 012673.

Clusters have their notes close together; ter tian sonor i ties are arranged 4 + 1, with 
four notes close (but not too close) and one far ther apart; and quartal chords are 
divided 3 + 2 into antip o dal groups. In sec tion 2 I showed that each cyclic cat e
gory has its own char ac ter is tic voic ing: close posi tion for clus ters, (2, 1, 1, 2) for 
thirds, and open posi tion for quartal chords.

These shapes pro vide a quick way to rec og nize pentachordal affordances. 
Suppose you ran domly plunk your fin gers down on the piano and come up with 
the notes D–E–F–A–B♭. The nearlyeven 3 + 2 pat tern alerts you to the pres ence 
of quartal struc ture in open posi tion: starting on F, the top note of the group 
of three, gives F–B♭–E–A–D: three per fect fourths and one “near fourth” or tri
tone. Other registral inver sions are not quite so quartal: starting on D pro duces 
D–F–B♭–E–A, with a minor third replacing a per fect fourth. Conversely, the 
absence of 4 + 1 struc ture indi cates that the chord is not a stack of thirds, and 

58 This is not just a con flict between the ory and prac tice but a ten sion within prac tice, for the post-Webernian tra di tion ele-
vated exac ti tude, abjur ing not only Schoenberg’s neo-Wag ne rian rhet o ric but also his inter est in approx i mate pitch shapes. 
See, e.g., Boulez’s (1968: 268) essay “Schoenberg Is Dead.”

59 To some extent ges tural lis ten ing is mod eled by the the ory of con tour, but con tour the ory dis cards pitch entirely while 
assum ing pre cise rec og ni tion of ordi nal posi tions: B4–G♯4–G4–A4 is con sid ered to have the same con tour as E6–C2–B♭0–B4, 
namely, (3, 1, 0, 2), but a dif fer ent con tour from E4–C4–B♭3–B3, which is (3, 2, 0, 1). This last sequence is intu i tively quite close 
to the first—indeed, Schoenberg’s op. 11/1 pres ents one as a var i ant of the other—yet has a dif fer ent con tour. Unlike approx i-
mate set the ory, con tour the ory dis cards ques tions about dis tance alto gether; unlike a truly ges tural approach, it asserts the 
ana lyt i cal rel e vance of sub tle dif fer ences of order ing. See Morris 1993.
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indeed, the note E is not a third above or below any other note. By con trast, a 
dif fer ent plunking of fin gers might pro duce B–C♯–D♯–E–G, with the char ac ter
is ti cally ter tian 4 + 1 struc ture; this has the ter tian voic ing C♯–E–G–B–D♯ but no 
par tic u larly quartal voic ing. Some sets are close to multiple categories: 02458 is 
both a near clus ter with a sin gle aug mented sec ond, and an exactly ter tian ninth 
chord (D–F–A♭–C–E).

Also inter est ing is the absence of equi pol lent chords. Since 7 is a prime 
num ber, every non zero inter val cycles through all  seven notes in the equihepta
tonic scale. Since every twonote equiheptatonic set is cyclic, every fivenote set 
must be as well. Thus, there are only three equiheptatonic clas ses of pentachord, 
and they are all  inter val cycles; there is no room in the equiheptatonic uni verse 
for a sep a rate equi pol lent cat e gory. Instead, each inter val cycle is a gapped cycle 
in the other two categories: the clus ter CDEFG (or 012347) is an incom plete 
stack of thirds DF•CEG, voiced (2, 2, 2, 2), and an incom plete stack of fourths 
E•DGCF, voiced (4, 3, 1, 3); the thirdstack DFACE is an incom plete clus ter 
CDEF•A, voiced (1, 1, 1, 1), and an incom plete fourth stack EAD•CF, voiced 
(2, 2, 4, 3); and the quartal EADGC is an incom plete clus ter CDE•GA, voiced 
(1, 1, 1, 1), and an incom plete third stack D•ACEG, voiced (3, 1, 2, 1).60 These 
pos si bil i ties are shown on the third staff of Figure 2.2. Cyclic struc ture is less a 
prop erty of setclas ses than of registral arrange ment.

Here we encoun ter a fas ci nat ing phe nom e non, the quasicom ple men tar ity 
of approx i mate setclas ses with sizes n and 7 – n: trichords and tet ra chords, dyads 
and pentachords, the sin gle ton and hexa chords. There are equi pol lent trichords 
and tet ra chords but not pentachords or hexa chords. There are three approx i
mate clas ses of dyads and pentachords, all  cyclic, but only one class of uni son 
and hexa chord. From an exact twelvetone per spec tive there would be no rea son 
to expect any rela tion ship of this sort; indeed, one would hardly expect this cor
re spon dence if one used only the chunking method. But if we under stand the 
con nec tion between approx i mate twelvetone set the ory and exact seventone 
set the ory, we can see why it arises.

Once again, there are sys tem atic trans for ma tions relat ing the close, ter tian, 
and open voic ings. Starting with close posi tion we can dis place the sec ond low
est note up by an octave, or the sec ond highest note down by an octave, to obtain 
the ter tian voic ing (2, 1, 1, 2); from there we can dis place the cen tral note up or 
down by an octave to pro duce an openposi tion voic ing; to go in the oppo site 
direc tion, we octavedis place an outer note so that it lies within the chord (Figure 
6.1). The openposi tion voic ings can also be inter nal ized by con ceiv ing approx
i mate pentachords ton ally; Figure 6.2 shows one way to think about the three 
approx i mate setclas ses, each openposi tion voic ing cycling through a series of 
chordal ele ments (e.g., fifth → root → fourth → sev enth → third → [fifth]). This tonal 
per spec tive can be con ceived as purely cal cu la tional, a tool for under stand ing 

60  Julio Herrlein (2011: 162) observes that the pentachordal clus ter can be voiced as a gapped stack of thirds.
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Figure 6.1B. A transformational graph relating pentachordal voicings,  
using different octave displacements.

Figure 6.1A. A transformational graph relating pentachordal voicings.  
Moving along the pentagon transposes along the chord; moving  
between pentagons relates voicings by octave displacement.
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chro matic space; gen er ally speak ing, it is hard to com pre hend chro matic space 
with out such heu ris tics.

The pentachordal uni verse also con tains a num ber of non cy clic sets, most 
of which have three or fournote chro matic clus ters that can not be rep li cated 
within the seventone uni verse (see sec tion 2); many are rea son ably close to 
some cyclic cat e gory, as indi cated by their sub scripts. Others can be represented 
as gapped stacks of one sort but not the other; 01256, for exam ple, is a near 
clus ter with a sin gle aug mented sec ond, and a sin gly gapped fifth stack D–[g]–
C♯–F♯–C–F, but it is not a sin gly gapped third stack. Again, the sur prise is how 
rare these non cy clic chords are: just five of the thirtyeight pentachords, if we 
assign near cycles to their clos est cat e gory.

Concrete scale mem ber ship deliv ers sim i lar results:

 1. Clusters (8, sca lar 012347): 01346, 01347, 01356, 01357, 01457, 02357, 02458, 
02468;

 2. Tertian (7, sca lar 012357): 01348, 01358, 01369, 01458, 02358, 02458, 02469;
 3. Quartal (9, sca lar 012457): 01368, 01369, 01468, 01469, 01478, 01568, 02368, 

02479;
 4. Octatonic (1, sca lar 012568): 01367;
 5. None (16): 01234, 01235, 01236, 01237, 01245, 01246, 01247, 01248, 01256, 

01257, 01258, 01267, 01268, 02346, 02347, 03458.

As in our pre vi ous cat e go ri za tion, 02458 is both clus tered and ter tian, and 01369 
is both ter tian and quartal. The None cat e gory con tains all  and only those penta
chords with an 012 sub set. The nearly quartal 01367 pentachord is anom a lous, as 
it can only be embed ded into the octatonic scale.

Categorizing pentachords by chro matic chunking gives five categories:

 1. Clusters (10): 01234, 01235, 01245, 01246, 01346, 01356, 01357, 02346, 
02357, 024682;

 2. Tertian (7): 01348, 01458, 013581, 023581, 024581, 013693, 0246913;
 3. Quartal (5): 01267, 01268, 01568, 013681, 024791;
 4. Equipollent (2): 014571, 02368123;

Figure 6.2. One way to conceptualize the relations among open-position  
pentachordal voicings.
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47Dmitri Tymoczko   Approximate Set Theory

 5. Noncyclic (14): 01237, 012361, 012471, 012561, 012571, 013471, 023471, 
0136713, 0146813, 014783, 012482, 012582, 034582, 0146923.

Once again, there is gen eral agree ment with the other meth ods (Figure 6.3). All 
but one of the non cy clic sets could be con sid ered cyclic under a slight loos en
ing of inter val lic cri te ria. While the equi pol lent cat e gory has disappeared in the 
other two sys tems, it still exists here: the two equi pol lent pentachords are sub sets 
of sixnote clus ters, ter tian chords, and quartal chords.

7. Hexachords

With hexa chords the story takes a sur pris ing turn as the categories of clus ter, ter
tian, and quartal merge. The under ly ing logic is again best illus trated by equihep
tatonic quan ti za tion. A sevennote scale has only one sixnote setclass, which is 

chunking
concrete

scale
7tet

1. clusters

01234, 01235, 

01245, 02346, 

01346, 01356, 

01357, 02357,

024682, 01246, 

01346, 01356, 

01357, 02357, 

02468,

01457, 01347, 

02458

01346, 01356,

013572, 02357, 

024683, 01246,

01457, 013472, 

02458

2. tertian

01348, 01458, 

013581, 023581, 

024581, 013693, 

0246913

01348, 01458, 

01358, 02358,

02458, 01369, 

02469

01348, 01458, 

01358, 023581, 

02458, 01369,

024693, 01248,

024683

3. quartal

01267, 01268, 

01568, 013681, 

024791

01568, 01368, 

02479, 01468, 

01469, 01478,

02368, 01369

01268, 

01568, 013682,

02479, 01468,

014692, 01478,

0236812, 01369

4. equipollent 013891, 02368123

noncyclic

0146813, 014783, 

0146923, 013471,

012361, 01237,

012471, 012561, 

012571, 023471,

034582, 012582,

012482, 0136713

01236, 01237, 

01247, 01256,

01257, 02347,

03458, 01258 

01248,

01234, 01235, 

01245, 01267,

02346, 01268, 

01246

01236, 01237, 

012472, 012561,

012571, 023471,

034581, 012582,

0136713, 

01234, 01235, 

01245, 012673

023461

Figure 6.3. Comparing the different categorization systems:  
chunking, concrete scale, and equiheptatonic (7tet).
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equally clustered, tertian, and quartal; this means that a set like CDEFGA can be 
arranged as a stack of sec onds, thirds (D e F g A C d E f G), or fourths (E f g A c D 
e f G a C d e F). Our three categories are now one and the same.

The twelve hexa chords clos est to the sixnote equiheptatonic setclass are 
all  famil iar: 013468, 013469, 013478, 013568, 013569, 013578, 013579, 014579, 
023568, 023579, 023679, and 024579. These are truly equi pol lent in being equally 
clus ters, stacks of thirds, and stacks of fourths. Smaller equi pol lent chords are 
gapped when arranged as stacks of sec onds, thirds, and fourths; these hexa chords 
can be shaped into ungapped cycles of each kind.61

In an eartrain ing con text this is a sig nif i cant shift. With smaller sets, the 
terms clus ter, ter tian, and quartal describe abstract pitchclass struc ture: a quartal 
trichord is one that can be arranged as a stack of fourth and tri tones but can still 
sound quartal regard less of reg is ter; its sat u ra tion with fourths and tri tones gives 
it a dis tinc tive aural char ac ter. With hexa chords these terms no lon ger divide set
class space into sep a rate regions; instead, they describe ways of deploying one 
and the same group of hexa chords. Thus, in smaller car di nal i ties terms like quar-
tal have a dou ble sig nif i cance, refer ring both to inter nal inter val lic con sti tu tion 
and to ways of arranging the chord in pitch. With hexa chords the intrin sic mean
ing evap o rates, leav ing only the pitchspace mean ing.

This prompts a more gen eral spec u la tion. If we believe that the approx i
mate per spec tive cap tures some thing impor tant about music per cep tion, and if 
we think that the registral arrange ment of sixnote chords—attacked at once, as 
chords—is some times hard to per ceive, then we may start to won der whether 
hexa chords are more effec tively deployed lin e arly, since a melodic or arpeg gi ated 
con fig u ra tion is more comprehensible than a simul ta neous ver ti cal ity. Here, in 
other words, we may start to see the tran si tion from sets, or objects that can be 
eas ily con ceived as uni fied gestalts, to scales, or res er voirs of pitch clas ses not 
typ i cally pres ent at any one musi cal moment. These two kinds of object are not 
always dis tin guished, in part because scales can be mod eled for mally as very large 
sets. But they are argu  ably quite dif fer ent in their  phe nom e nol ogy.

Hexachords have three com mon cyclic voic ings, shown on the bot tom 
staff of Figure 2.2: the stack of intrin sic steps (1, 1, 1, 1, 1) (clus tered or close 
posi tion), the distorted stack of twostep intrin sic inter vals (2, 2, 1, 2, 2) (the 
ter tian voic ing), and the distorted stack of threestep intrin sic inter vals (3, 
2, 3, 2, 3) (quartal).62 The clus tered and quartal voic ings can be arranged 
in chains: a sequence of hexachordal steps con tains all  the closeposi tion 

61  Recall that the eleven-note chro matic chord is simul ta neously a stack of semi tones and per fect fourths; in much the same 
way, the six-note equiheptatonic set is simul ta neously a stack of sec onds, thirds, and fourths. Hexachords thus fail to sat isfy 
what Quinn (2006) calls the “unique-genus prop erty” since the equiheptatonic hexa chord is simul ta neously a par a dig matic 
clus ter, ter tian, and quartal chord: what are dif fer ent gen era at lower car di nal i ties merge in the case of hexa chords.

62  Another cyclic voic ing, (2, 1, 1, 1, 2) can be used to cre ate stacks of sec onds and thirds (see Figure A2 in the appen dix). The 
voic ing (2, 2, 3, 2, 2) is also rea son ably com mon, offsetting the hexa chord’s two intrin sic 0246 sets by three steps instead of 
one.
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49Dmitri Tymoczko   Approximate Set Theory

 voic ings, and a sequence of alter nat ing three and twostep hexachordal inter
vals con tains all  the quartal voic ings (Figure 7.1). For a clus tered hexa chord, 
one of the (1, 1, 1, 1, 1) voic ings is a stack of one and twosemi tone chro matic 
inter vals; for a ter tian hexa chord, one of the (2, 2, 1, 2, 2) voic ings is a stack of 
three and foursemi tone inter vals; and for a quartal hexa chord, one of the (3, 
2, 3, 2, 3) voic ings is a stack of five and sixsemi tone inter vals. Our dis cov ery 
is that these prop er ties tend to go together: typ i cally, a clus tered hexa chord is 
also ter tian and quartal. Figure 7.2 shows how the clustered, ter tian, and quar
tal con fig u ra tions appear in the open ing mea sures of Berg’s Violin Concerto;  
these voic ings recur through out the piece, which thematizes approx i mate 
inter val cycles.

Once again, these facts are not fun da men tally depen dent on the equihep
tatonic or any other scale. Suppose we have some hexa chord, in any chro matic 
uni verse or even con tin u ous unquantized space, that looks approx i ma tely like 
an equiheptatonic hexa chord—which is to say, it has six approx i ma tely equal 
“small” steps and one large step that is approx i ma tely twice as big. Such chords 
can be arranged as clus ters, stacks of thirds (i.e., stacks of inter vals approx i ma tely 
the size of two small steps), or stacks of fourths (stacks of inter vals approx i ma tely 
the size of three small steps). This is because we can arrange the ter tian voic ing 
(2, 2, 1, 2, 2) so that the onestep intrin sic inter val is the large step, or the (3, 2, 3, 
2, 3) voic ing so that both twostep intrin sic inter vals span the large step; in each 
case, the result is a fairly even voic ing. Such pos si bil i ties are eas ier to see when 
we con sider the equiheptatonic scale, but they are also avail  able when we think 
chro mat i cally.

Figure 7.1. Clustered, tertian, and 
quartal voicings of the hexachord 
F♯–G–A–B♭–C–D. The clustered and 
quartal voicings can be arranged in 
overlapping chains. The letters C, 
T, and Q mark the most clustered, 
tertian, and quartal possibilities.

D
ow

nloaded from
 http://read.dukeupress.edu/journal-of-m

usic-theory/article-pdf/67/1/1/1973785/1tym
oczko.pdf?guestAccessKey=1f7c6515-12d0-4c5d-9759-2b0eb8eedee3 by guest on 18 June 2023



50 J O U R N A L  o f  M U S I C  T H E O R Y

Our col lec tion of twelve hexa chords con tains all  of the ter tian elev enth 
chords except the hexatonic col lec tion. This fact under writes an impor tant 
impro vi sa tional idiom in which play ers alter nate between the two com po nent 
tri ads, reordering and occa sion ally omit ting notes (Figure 7.3). This tac tic rep
re sents a melodic expres sion of the hexa chord’s char ac ter is ti cally ter tian voic ing, 
(2, 2, 1, 2, 2), a rela tion that can be made man i fest by reordering and reregistering 
each triad. Each triad is an 0246 set contained within the hexa chord con sid ered 
as a sixnote scale—that is, every other note of the hexa chord, just as the whole
tone set con tains every other note of the chro matic aggre gate. The ter tian voic ing 
arranges the two 0246 col lec tions with one hexachordal step between them. For a 
ter tian hexa chord, this sin gle intrin sic step can be cho sen to be approx i ma tely the 
same chro matic size as the twostep intrin sic inter vals within each tri adic 0246 
sub set. Hexachords are suspended between worlds, small enough to func tion as 
chords and large enough to be small scales.

The quartal voic ing makes sim i lar use of 036 hexachordal sets, each bisect
ing the hexa chord the way the tri tone bisects the chro matic scale. These are off

Figure 7.2. Quintal, tertian, and clustered voicings in Berg’s Violin Concerto. In the last case, we 
have a chord progression whose efficient upper-voice counterpoint produces a cluster.

Figure 7.3. Improvising by 
alternating a hexachord’s 
intrinsic 0246 sets.
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set to form the sequence (3, 2, 3, 2, 3), with each twostep inter val containing 
the large hexachordal step. Figure 7.4 shows that this arrange ment pro duces 
what David Lewin (1987) called a “ret ro grade inversional chaining” of the hexa
chord’s 0136 trichords; the chain passes through each of the hexa chord’s 0136 and 
0236 sets and artic u lates all  of its quartal voic ings. This means that musi cians 
can play 0136 trichords (mea sured within the hexa chord itself, con sid ered as a 
scale) to pro duce mostly quartal resul tants (mea sured chro mat i cally; see Figure 
7.5). Something sim i lar can also be done with the hexa chord’s 0126 clus ters. Each 
of the hexa chord’s intrin sic trichordal setclas ses can thus be asso ci ated with a 
cyclic voic ing: 0126 gen er ates the clus tered voic ing, 0246 the ter tian voic ing, and 
0136 the quartal voic ing. The idi oms in this par a graph par ti tion the hexa chord 
into nearly cyclic trichords, both when mea sur ing within the hexa chord and 
when mea sur ing chro mat i cally.

Figure 7.5. Improvising using hexachordal 0136 (top) and 0126  
(bottom) sets.

Figure 7.4. The quartal hexachordal voicing chains together  
hexachordal 0236 and 0136 sets.
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We can embed the fifty hexa chords in the seven Pressing scales as fol lows:

 1. Complete sixnote scales (2): 02468A, 014589;
 2. Six notes of a sevennote scale (13): 013468, 013469, 013478, 013479, 013568, 

013569, 013578, 013579, 014579, 023568, 023579, 023679, 024579;
 3. Purely octatonic sub sets (3): 013467, 014679, 013679;
 4. No embed ding (32): 012345, 012346, 012347, 012348, 012356, 012357, 

012358, 012367, 012368, 012369, 012378, 012456, 012457, 012458, 012467, 
012468, 012469, 012478, 012479, 012567, 012568, 012569, 012578, 012579, 
012678, 013457, 013458, 014568, 023457, 023458, 023468, 023469.

The first three categories can be described in two sep a rate ways: they con tain 
all  the hexa chords that do not con tain con sec u tive semi tones (an 012 chro matic 
clus ter), and they are all  the hexa chords that can be formed by superimposing 
two tri ads (major, minor, dimin ished, or aug mented).63 Figure 7.6 shows that 
these aug ment the ter tian hexa chords of our first cat e go ri za tion with the remain
ing ter tian hexa chord (the hexatonic scale) and five nearter tian hexa chords. 
This lat ter group includes two octatonic hexa chords that are unique inso far as 
their two tri adic roots are not hexachordally adja cent. All of these can be voiced 
in clus tered, ter tian, and quartal ways.

The chunking method pro vi des the most nuanced view of the hexachordal 
uni verse:

 1. Clusters (20): 012345, 012346, 012356, 012357, 012456, 012457, 013457, 
013467, 023457, 0234682, 02468A2, 0124673, 01246823, 0134683, 0135793, 
0235683, 013568, 013578, 023579, 024579;

 2. Tertian (13): 014589, 01346913, 01347813, 01356913, 01457913, 0134683, 
0135793, 0235683, 0236791, 013568, 013578, 023579, 024579;

 3. Quartal (9): 012678, 0125671, 0125781, 01256812, 0236791, 013568, 013578, 
023579, 024579;

 4. Equipollent (5): 012469123, 013479123, 014568123, 01367913, 01467913;

Figure 7.6. Tertian and near-tertian hexachords contained in the  
Pressing scales.

63  The Pressing scales con tain all  the nonchromatic hexa chords that do not con tain 012 sub sets: one can not form an 012 by 
superimposing tri ads; con versely, one can form all  the nonchromatic hexa chords by superimposing tri ads.
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53Dmitri Tymoczko   Approximate Set Theory

 5. Noncyclic (15): 012348, 012369, 012378, 0123471, 0123581, 0123671, 
0123681, 0234581, 0234691, 01245812, 01345812, 01247813, 01247913, 01257913, 
01256923.

Boldface col lec tions appear in two categories, while bold italic col lec tions appear 
in three. As before, there is sub stan tial over lap between categories, with four 
hexa chords being clus tered, ter tian, and quartal, four hexa chords belong ing to 
two categories, and many oth ers being close to mul ti ple categories.

At first sight, this looks sim i lar to the lists we have been con sid er ing, group
ing hexa chords into man age able and roughly equalsized categories. But this 
impres sion is some what mis lead ing, as the categories are more musi cally and 
psy cho log i cally frag ile than their lowercar di nal ity ana logues. First, it does not 
make sense to divide the hexa chords into clus ter, ter tian, and quartal when so 
many hexa chords belong to mul ti ple groups. Second, because our ears are more 
tol er ant as chords get larger, 012578 can sound rea son ably clus tered and ter tian 
despite not being exactly so. With larger chords, such terms as clus ter, ter tian, and 
quartal are bet ter under stood as ways of deploying sets rather than as clas si fi ca
tions of sets in them selves.

Figure 7.7 pres ents the basic cyclic voic ings for the 012578 hexa chord used in 
Schoenberg’s vio lin con certo; in the pre ced ing list it is cat e go rized as quartal and 
nearly clus tered. The fig ure identifies its max i mally clus tered, ter tian, and quar
tal voic ings: D♯–E–F♯–A–A♯–B (clus ter), E–A–B–D♯–F♯–A♯ (ter tian), and F♯–B–
E–A♯–D♯–A (quartal, appearing in Figure 1.8 as a smeared var i ant). The quartal 
voic ing is exact, while the clus tered and ter tian voic ings are a semi tone away from 
exactly qual i fy ing. I am more inter ested in the fact that this hexa chord can be made 
nearly clus tered, ter tian, and quartal than in the fact that the quartal voic ing is 

Figure 7.7. Clustered, tertian, and 
quartal voicings of the hexachord 
from Schoenberg’s Violin Concerto. 
The asterisk and dagger mark the 
voicings used in Figure 1.8. The 
hexachord marked with the dagger 
appears inverted.
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just a tad more reg u lar than the oth ers. In other words, I con sider the voic ings in  
Figure 7.7 to be more or less equally good com po si tional starting points.

Many chordclassification schemes assume that com ple ments share the 
same intrin sic qual ity, but this is not true of our meth od; for exam ple, the hexa
chord 023568 is clus tered, ter tian, and quartal (or nearly so on the chunking 
method), while its com ple ment, 023469, is non cy clic (though nearly clus tered 
on the chunking method). Personally, I think this is a vir tue, as I do not find 
com ple ments to be aurally sim i lar.64 While there may be par tic u lar styles in 
which com ple ments behave sim i larly, I do not think we should ele vate this genre  
spe cific fact to a gen eral the o ret i cal prin ci ple.65 Nor should we let the desire for 
tax o nomic sim plic ity over ride the pos si bil ity that very large chords might be 
more homo ge neous than their com ple ments; indeed, I find ninenote col lec
tions hard to dis tin guish when played as closeposi tion simultaneities, whereas 
trichords are instantly rec og niz able. Complements can sound very dif fer ent, and 
large col lec tions require new com po si tional strat e gies.

8. Large sets

Approximate set the ory breaks down as we con sider larger and larger chords. 
Clearly, sca lar embed ding and equiheptatonic quan ti za tion will fail with large 
sets: a typ i cal eightnote set will not belong to any famil iar scale, and equihep
tatonic quan ti za tion will send dis tinct chro matic pitch clas ses to the same equi
heptatonic tar get.66 Formally, how ever, the chunking method con tin ues to work:

 1. Clusters (26): 0123456, 0123457, 0123467, 0123567, 0123468, 0123568, 
0124568, 0123578, 0124578, 0123579, 0234568, 0134568, 0234579, 0234679, 
0134578, 01246783, 01245792, 01345792, 013567923, 01246792, 01346793, 
012468A3, 0124689, 0134689, 013468A, 013568A;

 2. Tertian (9): 01245891, 01346793, 012468A3, 01256891, 01246792, 0124689, 
0134689, 013468A, 013568A;

 3. Quartal (9): 01236781, 01236791, 01256791, 01246792, 01256891, 0124689, 
0134689, 013468A, 013568A;

 4. Equipollent (3): 01235691, 01245691, 01456791;
 5. None (4): 01234581, 01234781, 01234691, 01234791.

Once again we see sub stan tial over lap among the ter tian and quartal categories: all  
but one ter tian heptachord and all  but three quartal heptachords belong to a sec
ond cat e gory. “Clusteredness” is becom ing a default, with 68 per cent (26 of 38)  

64 Since a chord can be par a dig mat i cally clus tered while its com ple ment fails to be, our three cat e go ri za tion schemes lack 
what Quinn (2006) calls the “pro to type com ple men ta tion prop erty.”

65  Forte (1972) argues that the pres ence of both a set and its com ple ment indi cates its struc tural sig nif i cance; this means 
that the pres ence of com ple men ta tion is not so much a dis cov ery about a par tic u lar piece or style as it is an ana lyt i cal ide-
al—a cri te rion of ana lyt i cal good ness rather than an empir i cal obser va tion.

66 In prin ci ple, this need not be con sid ered prob lem atic, but I find it coun ter in tu i tive.

D
ow

nloaded from
 http://read.dukeupress.edu/journal-of-m

usic-theory/article-pdf/67/1/1/1973785/1tym
oczko.pdf?guestAccessKey=1f7c6515-12d0-4c5d-9759-2b0eb8eedee3 by guest on 18 June 2023



55Dmitri Tymoczko   Approximate Set Theory

of the heptachords being clus tered com pared with 40 per cent (20 of 50) of the 
hexa chords.

For octachords the dom i na tion by clus ter becomes even more severe, with 
86 per cent (25 of 29) belong ing to that cat e gory:

 1. Clusters (25): 01234567, 01234568, 01234578, 01234579, 02345679, 
012346783, 012346793, 013456793, 0124678A23, 01235678, 01235679, 
01245679, 012357892, 012457892, 012346893, 0123468A3, 0134679A3, 
01235689, 01245689, 0123568A, 0124568A, 0123578A, 0124578A, 
01345689, 0134578A;

 2. Triads (12): 012345891, 012346893, 0123468A3, 0134679A3, 01235689, 
01245689, 0123568A, 0124568A, 0123578A, 0124578A, 01345689, 
0134578A;

 3. Quartal (14): 012367891, 01235678, 01235679, 01245679, 012357892, 
012457892, 01235689, 01245689, 0123568A, 0124568A, 0123578A, 
0124578A, 01345689, 0134578A;

 4. Equipollent: 0123478913;
 5. None: 012345691.

I will not list the pos si bil i ties for the nonachords: all  twelve can be expressed as 
stacks of sec onds, and all  but two can be expressed as stacks of thirds; half can be 
expressed as stacks of fourths.

I pro vide this infor ma tion mainly to sat isfy the reader’s curi os ity. My own 
belief is that for large chords the terms clus tered, ter tian, and quartal largely lose 
their util ity as descrip tors of intrin sic inter val lic con tent; instead, they are bet
ter con ceived as indi ca tions of how chords can be used. This may strike some 
read ers as a weak ness of approx i mate set the ory, particularly when compared to 
alter na tives that pur port to offer uni ver sally valid sys tems of chord clas si fi ca tion. 
But almost all  of these alter na tives require that lis ten ers per ceive large col lec tions 
with a high degree of accu racy, keep ing an exact count of every inter val they hear.

The prob lem is that set the ory’s per cep tual chal lenges are mag ni fied when 
it comes to larger sets. Set the o rists often tac itly assume that every setclass is 
equally dis tinc tive and iden ti fi able—an assump tion that is prob lem atic in the 
case of small sets and dou bly so as sets grow larger.67 My expe ri ence is instead 
that qual ityspace con tracts as car di nal ity increases: while a few large col lec tions 
might shine forth as par tic u larly rec og niz able (e.g., the dia tonic and octatonic 
scales), larger chords tend to be less dis tinct than smaller chords. The lim i ta
tions of approx i mate set the ory may there fore reflect some thing psy cho log i cally 
impor tant; per haps as col lec tions grow they fade into the chro matic back ground.

In other words, com pos ers need to work to make large col lec tions sound 
spe cial. This is in many ways a very famil iar point. Numerous the o rists have 
noticed that the prin ci ple of inversional equiv a lence breaks down as chords grow: 
in Gustav Mahler’s or Debussy’s work the notes C–E–G–A can func tion either as 
C major or A minor, and this means that chordal iden tity is no lon ger deter mined 

67  This is most char i ta bly described as an ide al i za tion. The ques tion is how use ful the ide al i za tion is (Tymoczko 2020a).
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by pitchclass con tent; instead, voic ing and pitch struc ture—and par tic u larly the 
bass—play a cru cial role. What I am suggesting is that some thing sim i lar may 
occur in the atonal domain. There are many dif fer ent ways to hear a large pitch
class set, with “undif fer en ti ated,” “gray,” and “chro matic” being among the eas i est.

Perhaps the most broadly use ful strat egy is to divide larger sets into (pos
si bly overlapping) sub sets that are sep a rated registrally or tem po rally. Figure 8.1 
shows Dmitri Shostakovich using this tech nique with a ninenote scale that is 
the minor triad’s com ple ment; he divi des the col lec tion into two octatonic sub
sets, each kept sep a rate from the other. My col league Rudresh Mahanthappa has 
devel oped a sim i lar tech nique for work ing with hexa chords: fre quently, he breaks 
hexa chords into a pair of trichords, mov ing back and forth between them but 
freely reordering each (Figure 8.2). This strat egy is also char ac ter is tic of Barry 
Harris’s playing, which decom poses nearly even eightnote scales into a sta ble tet
ra chord (usu ally a dom i nant sev enth or addedsixth chord) and an embellishing 
dimin ished sev enth, each containing every other note of the scale (Figure 8.3).  

Figure 8.2. A Mahanthappa-style line partitioning of the 01347B hexachord into a  
major triad (open note heads) and a 024 subset. The line uses transpositions on C and F♯.

Figure 8.1. Shostakovich using time and register to articulate the different octatonic  
fragments of a nine-note scale in mm. 51–56 (A) and mm. 66–72 (B) of the Seventh String  
Quartet, III.
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These par tially ordered col lec tions are inter me di ate between the unor dered col
lec tions of set the ory and com pletely ordered twelvetone rows. What is inter est
ing is that they are both audi ble to the lis tener and flex i ble enough to be used in 
impro vi sa tion; in effect, large col lec tions become lit tle chord pro gres sions.

Set the ory, whether exact or approx i mate, is most use ful when deal ing 
with col lec tions that can be heard as gestalts. This becomes harder and harder 
to do as col lec tions grow: even sixnote chords can be dif fi cult to dis tin guish 
when  presented as stac cato chords. Larger col lec tions thus tend to func tion as  
com pos ites—scalelike sources of material, rarely pres ent at any one moment. 
Exploring the boundary between these two musi cal regimes is a mat ter for 
another arti cle.

9. Conclusion

Approximate set the ory combines sev eral interlocking ideas. Its most gen eral 
claim is that music pres ents a broad spec trum of orga ni za tional pos si bil i ties. We 
are famil iar with its exact end—the domain of canon and twelvetone rows—
where notes are rig idly inter re lated. At the other extreme are pieces that ask us to 
adopt very gen eral categories rooted in tex ture and ges ture. Neither approx i mate 
nor exact set the ory pro vi des a uni fied descrip tion of all  the chords of Figure 9.1, 
yet they are pal pa bly sim i lar, com bin ing closeposi tion sonor i ties in very high 
and low reg is ters. Composers have made effec tive use of these sorts of categories, 
writ ing music in which the spe cific notes are less impor tant than reg is ter, artic u
la tion, dynam ics, and tim bre. Music the ory should not ignore this pos si bil ity just 
because it is dif fi cult to for mal ize.

Somewhere toward the mid dle of the spec trum we find music that can be 
ana lyzed using the tools of approx i mate set the ory. These tools include both the 
heu ris tic chord categories of clus ter, ter tian, quartal, and equi pol lent and a new 
form of exact set the ory that mea sures inter vals along the intrin sic scale. From 
this per spec tive every chord pres ents mul ti ple sets simul ta neously: a chro matic 
pitchclass set, a sca lar pitchclass set, and a voic ing mea sured along the  intrin sic 

Figure 8.3. Barry Harris alternating between 0246 tetrachords of  
an eight-note scale, each decorated with an appoggiatura. The  
example comes from Bicket 2001.
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scale. Attending to these dif fer ent lev els of struc ture reveals resem blances that 
might oth er wise escape our notice. Rather than treating the “So What” and 
“ Farben” chords as com pletely unre lated, we can say they are both openposi tion  
pentachords. Rather than say ing “Pier rot Lunaire starts with a lot of thirds,” 
we can say “Schoenberg uses the (2, 1, 2) voic ing to bring out the equi pol lent 
tet ra chord’s ter tian qual ity.” This is an improve ment not because it trans lates 
intu i tive composerly prac tice into cryp tic aca demic jar gon (though that may 
have its advan tages when it comes to ten ure com mit tees) but because it allows 
us to under stand the par tic u lar tech niques that con sti tute intu i tive musi cal  
knowl edge—help ing us say exactly what com pos ers are doing when they write 
a lot of thirds.

One attrac tive fea ture of this approach is that it cre ates affin i ties between 
sets of dif fer ent sizes. The basic objects of Anton Webern’s op. 7/3 are clus ters 
or super im po si tions of clus ters (Figure 9.2). The accompanimental sets are all  
presented as trans po si tional com bi na tions, one half of the chord trans pos ing 
the other in pitch. We begin with a sequence of tet ra chords whose semi tonal 
pairs expand sys tem at i cally: A–B♭–C♯–D, A–B♭–D–E♭, A♭–A–D–E♭.68 We then 
hear a twonote clus ter (the minor ninth), a threenote clus ter (which I inter
pret, some what poet i cally, as a multiset that con tracts the semi tone pairs until 
they over lap), and a sixnote approx i mate clus ter. These col lec tions are all  voiced 
reg u larly as gapped and smeared stacks of sec onds, thirds, and fourths: most of 
the voic ings super im pose semi tones, major sev enths, or minor ninths; the third 
and fourth chords, how ever, sub li mate the clus tered struc ture, com bin ing semi
tone with major sev enth. Meanwhile, the lyr i cal piano line pres ents a series of 
chro matic sets that are not reg u larly voiced or arranged as trans po si tional com
bi na tions; their freer reg is tra tion per haps reflects their sta tus as pri mary mel ody 
(Figure 9.2B).69 The melodic note B does not belong to any chro matic clus ter, 

Figure 9.1. A series of audibly similar sonorities, none of which  
are exactly related to the others.

68 This transpositionally sym met ri cal arrange ment might be described as a Schoenbergian “motive of the accom pa ni ment” 
(Schoenberg 1967: 83). As Richard Cohn (1988, 1991) empha sizes, these sets tend to be inversionally sym met ri cal. The ini tial 
expan sion can be under stood with the the ory of K-nets; in my nota tion it involves the trans po si tions T1/2 and T–1/2 oper at ing on 
equiv a lence clas ses of strongly isographic chords (Tymoczko 2007).

69  Lewin (1987, chap. 5) pro vi des an exact set-the o ret i cal anal y sis that is instruc tively dif fer ent from mine.
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but it does form an approx i mate clus ter with all  of the semi tonal clus ters in the 
mel ody.70 Overall, the piece seems less concerned with setthe o retic exac ti tude 
than with more elu sive sim i lar i ties and dif fer ences: the affin ity between clus
ters of var i ous sizes, both chro matic and approx i mate; the con trast between the 
accom pa ni ment’s sym met ri cal voic ings and the mel ody’s asym met ri cal reg is tra
tion; the resem blance between the piano’s first sonor ity (a gapped ter tian struc
ture com pris ing two aug mented tri ads a major sev enth apart, each miss ing the 
same note) and its last (a gapped ter tian struc ture com pris ing two dimin ished 
sev enth chords a minor ninth apart, each miss ing the same note); and so on.

Approximate set theory thus stands at the inter sec tion of many dif fer ent 
kinds of think ing: tonal and non tonal, sca lar and nonscalar, compositional and 
improvisational, pitch and pitch class. Many of the phe nom ena we have exam
ined are easy to rec og nize when we are think ing inside a sevennote scale; in dia
tonic space, for exam ple, it is clear that the pentachord 012457 is quartal (251407) 

Figure 9.2. Webern’s op. 7/3. A. The accompanimental collections used in the piece. B. The lyrical 
piano melody. In the “transp. combination” row the letters A, B, C, etc., refer to the numbers 10, 11, 
12, etc.

70  The lyr i cal mel ody com bines with the vio lin accom pa ni ment (chords 3 and 4 on Figure 9.2A) to pres ent every chro matic 
note except G.
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while also being a gapped stack of sec onds (012•457) and thirds (1•50247).71 It 
is not obvi ous that sim i lar pos si bil i ties would be avail  able in the purely chro
matic world. But con sider the pentachord G–A–C–C♯–D, clas si fied as non cy
clic by each of the three sys tems discussed here. Figure 9.3 voices the chord as a 
stack of near fourths, D–A–C♯–G–C (which would be quartal were A lowered 
by semi tone); as a gapped clus ter, GA•CC♯D; and a gapped stack of near thirds, 
C♯•ACDG, which would be gapped ter tian were D raised by semi tone. Approx
imate set the ory high lights these pos si bil i ties, repurposing seem ingly tonal con
cepts as tools for under stand ing the chro matic domain.

This perspective also alerts us to an impor tant change that occurs as col lec
tions grow: for smaller car di nal i ties, adjec tives such as ter tian and quartal can be 
taken either as descrip tions of pitchclass con tent or as ways of arranging notes 
in reg is ter; with larger sets the lat ter mean ing is pri mary. It makes rel a tively lit
tle sense to talk about ter tian hexa chords as opposed to quartal hexa chords, for 
the very col lec tions that can be arranged as stacks of thirds can typ i cally also be 
arranged as stacks of fourths. By empha siz ing the approx i mate nature of music 
per cep tion, we draw atten tion to the point at which approx i mate categories break 
down. This is close to the bound ary between chord and scale, the point at which 
we stop being  able to con ceive of musi cal objects as uni fied gestalts. Understand
ing this bound ary, and the tech niques com pos ers use to work with larger col lec
tions, is a topic for future work.

About fif teen years ago, one of my teach ers—an emi nent com poser edu
cated in the Euro pean avantgarde tra di tion—heard me lec ture about voicelead
ing geom e try. After my talk he complained that I had talked only about pitch class 
and not about pitch. Being proud of my ideas and a lit tle stung by his crit i cism, 
I responded by accus ing him of being reflex ively anti the o ret i cal. “Don’t you feel 
that the dif fer ent voic ings of a Cmajor triad sound notice ably sim i lar,” I asked, 
“at least so long as we avoid extremes of reg is ter and spac ing?” (One should imag
ine this sen tence illus trated by an irri tat ing plunking out of Cmajor chords, each 
voiced dif fer ently.) Having thought about the mat ter for another decade and a 

Figure 9.3. A nearly quartal pentachord, voiced as  
a stack of near fourths, as a gapped cluster, and as  
a gapped stack of near thirds.

71  A num ber of dia tonic the o rists (e.g., Herrlein 2011) have noticed var i ous phe nom ena discussed in this arti cle.
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half, I have come to appre ci ate his posi tion: as chords get larger, arrange ment 
in pitch starts to mat ter more than intrin sic pitchclass con tent. In other words, 
both of us had good points. With small car di nal i ties abstract pitchclass struc
ture is often per cep ti ble and impor tant, but as chords grow, the rel a tive pri or ity 
of pitch and pitch class reverses. Exactly where this hap pens is a com plex mat ter 
that can dif fer from lis tener to lis tener and from con text to con text. This leaves us 
in the chal leng ing sit u a tion where there is no gen er ally appli ca ble model of pitch. 
Music is dif fi cult because it requires us to bal ance overlapping and some times 
incom pat i ble log ics.

A basic chal lenge of twentyfirstcen tury the ory is the diver gence between 
the ory and prac tice. It is easy to frame this as a con flict between the o rists and 
every one else, and it is cer tainly true that the o rists have made prob lem atic 
assump tions about what is audi ble or aes thet i cally sig nif i cant. But the diver gence 
can also be seen within the activity of music mak ing, in the gap between lis ten
ers’ expe ri ence and the rigid struc tures manip u lated by music mak ers—whether 
pitchclass sets, superimposed inter val cycles, twelvetone rows, spec tral ana ly ses 
of audio sig nals, Fibo nacci num bers, or prolongational graphs. Approximate set 
the ory aspires to bridge this gap, pro vid ing categories that are resil ient to a cer
tain degree of per ceiver error. In this way it ges tures toward a music the ory that 
is both approx i mate and infor ma tive. We know how to do the ory in an ide al ized 
envi ron ment where lis ten ers accu rately per ceive every musi cal detail. Can we 
learn to do it in a way that forth rightly acknowl edges human lim i ta tion?

10. Appendix

This appen dix pro vi des technical details about voic ing, the Fourier trans form, 
and the notion of even ness.

(a) Voicing

As explained in sec tion 1, we can model voic ings as intrin sic inter vals mea sured 
between the adja cent notes of a chord, pro ceed ing upward from the bot tom. 
Given an nnote voic ing (x1, x2, . . . , xn–1), we can reverse its inter vals to form 
the ret ro grade (xn–1, xn–2, . . . , x1), turn ing E3–C4–G4–A4–B4 or (4, 2, 1, 1) into  
E3–G3–A3–C4–B4 or (1, 1, 2, 4).72 The inver sion of a voic ing (–x1, –x2, . . . , –xn–1)  
turns its inter vals upside down so that the bot tom note of the orig i nal chord 
becomes the top note of the inver sion; this is the same as the ret ro grade if we 
order notes by pitch. If the inter vals lie between uni son and octave, then we can 
define a sec ond notion of inver sion that replaces each inter val with its octave 
com ple ment (n – x1, n – x2, . . . , n – xn–1); this turns E3–C4–G4–A4–B4 or  

72  As Yust points out, revers ing the inter vals in an ordered series pro duces the “ret ro grade inver sion” of twelve-tone the ory; 
con versely, my use of ret ro grade inver sion refers to the twelve-tone ret ro grade. The change in ter mi nol ogy arises because voic-
ings are defined by inter vals rather than as notes. This is also why an n-note voic ing is represented by n – 1 num bers.
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(4, 2, 1, 1) into E3–G3–C4–B4–A5 or (1, 3, 4, 4), with each inter val i becom ing  
5 – i.73 The ret ro grade inver sion (n – xn–1, n – xn–2, . . . , n – x1) is inter est ing because 
it can be used to ret ro grade a con crete voic ing’s pitch clas ses, turn ing E3–C4–
G4–A4–B4 or (4, 2, 1, 1) into B2–A3–G4–C5–E5 or (4, 4, 3, 1). This turns clus
tered voic ings into septimal voic ings, ter tian into sextal, and quartal into quin tal. 
If we limit our selves to voic ings in which notes are less than one octave from 
their neigh bors, and if we group voic ings by the four twelvetone oper a tions, we 
obtain one class of trichordal voic ing, three clas ses of tetrachordal voic ing, eight 
clas ses of pentachordal voic ing, and thirtyeight clas ses of hexachordal voic ing 
(Figures A1, A2).74 These are also the dif fer ent tonerow clas ses of the asso ci ated 
lowcar di nal ity uni verses.

A cyclic voic ing is a voic ing that can be used to express an exact inter val 
cycle—that is, a voic ing that can be embod ied by a col lec tion of pitches each 
the same dis tance above its lower neigh bor. Cyclic voic ings are ret ro grade sym
met ri cal and shown on Figures A1 and A2 with open note heads.75 If the voic ing  

73  Limiting inter vals to less than an octave yields a var i ant of what Morris 1995 calls PCINT equiv a lence. There is noth ing intrin-
si cally wrong with voic ings that have more than an octave between adja cent notes; when cata logu ing voic ings, how ever, it is 
help ful to con sider them var i ants of their com pact ana logues.

74  Weber  (1817–21)  1846:  184  (§63)  identifies  the  voic ings  of  three-  and  four-note  chords. Harrison  2014  inde pen dently 
recon structs Weber’s list.

75 Since inter val cycles are inversionally sym met ri cal in pitch, their spac ing in intrin sic steps must be ret ro grade 
sym met ri cal.

Figure A1. The basic trichordal, tetrachordal, and pentachordal voicings,  
categorized by the standard twelve-tone operations. Cyclic voicings are shown  
with open note heads. Numbers show the spacing in intrinsic steps.
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(x1, x2, . . . , xn–1) is cyclic, then (x1 + n, x2 + n, . . .  xn–1 + n) is also cyclic, as it 
sim ply adds an octave to the gen er at ing inter val. If a cyclic voic ing’s gen er at ing 
inter val is less than an octave, then its inver sion (n – x1, n – x2, . . . , n – xn–1) is also 
cyclic. A prim i tive cyclic voic ing is a cyclic voic ing that can express an exact inter
val cycle whose gen er at ing inter val lies between zero and half an octave. For an 
nnote chord, there are n – 2 prim i tive cyclic voic ings of the form (1, 1, . . . , 1), 
(2, 1, 1, . . . , 1, 2), (2, 2, 1, . . . , 1, 2, 2), (2, 2, . . . , 2), (3, 2, 2, . . . , 2, 3), and so on. 
The bound aries between the cyclic voic ings are deter mined by the val ues of g for 
which the inter val between the chord’s first and ith notes is an octave, with 2 ≤ i 
≤ n. Reading upward from the bot tom of Figure 1.3, these are 6, 4, 3, 2.4, 2, . . . , 
or 12/2, 12/3, 12/4, 12/5, 12/6, . . . .  A well-formed cyclic voic ing has only one 
type of intrin sic inter val; in Figure 1.3 these are close posi tion (1, 1, 1 . . .), open 

Figure A2. The basic hexachordal voicings.
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 posi tion (2, 2 , . . .), and the unnamed (3, 3, . . .).76 A clus tered chord is a chord 
that can be voiced with each note one or two semi tones above its lower neigh
bor; a ter tian chord can be voiced with each note three or four semi tones above 
its lower neigh bor; and a quartal chord can be voiced with each note either five or 
six semi tones above its lower neigh bor. These categories roughly match the num
bers on Figure 1.3, cor re spond ing to 12/2 > g > 12/3 (quartal), 12/3 > g > 12/4 
(ter tian), and 12/6 ≥ g (clus tered). This is the math e mat i cal link between intrin
sic voic ings and approx i mate setclass categories.

Throughout the arti cle, I have made state ments such as “for any pentachord, 
the openposi tion voic ing will make it most nearly quartal.” The the ory of voice 
lead ing justifies these claims. Let us say that a chord is com pletely quartal when it 
is voiced as an exact stack of per fect fourths (or, gen er al iz ing the argu ment, some 
other inter val). A com pletely quartal chord will use the rel e vant cyclic voic ing 
on Figure 1.3. We can get a con tin u ous mea sure of “fourthiness” (or, more gen
er ally, cyclicality) by cal cu lat ing the voicelead ing dis tance from any voic ing to 
the nearest com pletely quartal voic ing. It can be shown that for any rea son able 
mea sure of voicelead ing size, there will always be a min i mal voice lead ing that 
is “strongly cross ing free”—connecting two chords spaced in the same pat tern of 
intrin sic steps (Tymoczko 2011). Thus, we can min i mize the dis tance from any 
pitchclass set to the nearest com pletely quartal chord by voic ing it in the appro
pri ate cyclic voic ing.77

(b) Approximate inter val cycles and the Fourier trans form

Central to Ian Quinn’s work is the pro posal that the Fourier trans form pro vi des 
a con tin u ous mea sure of chord qual ity (Quinn 2006, 2007).78 Quinn observed 
that when chords are expressed as his to grams (essen tially bar graphs or vec tors of 
weights assigned to pitch clas ses) the Fourier trans form pro vi des some thing like 
a con tin u ous ver sion of the inter val vec tor: a sixele ment list of com plex num
bers representing chordal sat u ra tion with var i ous inter vals (its degree of “minor  
sec ondishness,” “major sec ondishness,” etc.).79 This quan tity can be inter
preted geo met ri cally as prox im ity to pro to types that are max i mally sat u rated 
with the inter val in ques tion.

77 This argu ment ignores the pos si bil ity of adding dou blings, as in the quartal F–B♭–E–B♭–E♭ with dou bled B♭. We can think 
of this as a pentachordal multiset in open posi tion, F b♭ B♭ e♭ E f B♭ b♭ E♭. For a fixed set of dou blings, the argu ment in the text 
is valid.

78  The pro gram has since been devel oped in Amiot 2016 and Yust 2016. Readers can visu al ize the Fourier trans form using 
soft ware writ ten by Jennifer Harding: https:  /  /www  .jenndharding  .com  /vectorcalculator.

79  Quinn (2006: 121) cau tions against asso ci at ing Fourier com po nents with spe cific  inter vals (the “inter val lic half-truth”), 
argu ing that it is not pos si ble in all  tun ing sys tems. However, it is pos si ble if we allow gen er at ing inter vals out side the scale: 
Quinn’s pri mary coun ter ex am ple, the fourth Fourier com po nent in ten-tone equal-tem per a ment, can be asso ci ated with a 
gen er at ing inter val of 2.5 steps (the twelve-tone equal-tem pered minor third).

76 The term well-formed comes from Nor man Carey and David Clampitt (1989), whose the ory of well-formed scales is struc-
tur ally sim i lar to the the ory of cyclic voic ings.
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There are many sim i lar i ties between our approaches. Quinn and I both 
want to replace the iso lated points of set the ory with some thing more flex i ble: 
coarsegrained categories in my case and graded lists of qua lia in his. Both of us 
con ceive of these categories geo met ri cally, as regions in a space—voicelead ing 
space in my case, and the space of Fouriercom po nent mag ni tudes in his. Both 
of us con sider inter val cycles to be pro to typ i cal, in my case because most equi
heptatonic sets are cyclic and in his because of the math e mat ics of the Fourier 
trans form; this means that both approaches recall the ideas of presetthe o ret i cal  
writ ers such as Cowell, Hanson, and Persichetti. In both cases our categories 
extend across car di nal i ties to asso ci ate chords of dif fer ent sizes. In both the o ries 
the num bers 12/i are impor tant for pos i tive inte gers i: in Quinn’s because they 
rep re sent the fre quen cies of his Fourier basis func tions, in mine because they 
rep re sent the bound aries between cyclic voic ings on Figure 1.3. A main dif fer
ence is that my the ory involves a greater degree of approx i ma tion than Quinn’s: 
his categories cor re spond to spe cific chro matic inter vals such as “minor sec ond”; 
mine cor re spond to generic inter vals such as “sec ond.”80

One way to make Quinn’s the ory more approx i mate is to quan tize equal
tem pered sets to the equiheptatonic scale, tak ing the Fourier trans form of the 
result; the dis crete Fourier trans form will then have three non triv ial com po nents 
cor re spond ing to the terms clus tered, quartal, and ter tian. Another pos si bil ity is 
to remain in twelvetone equal tem per a ment but ignore Fourier com po nents 
beyond the third. Collections with a strong first com po nent can be con sid ered 
clus tered, those with a strong sec ond com po nent quartal, and those with a strong 
third com po nent ter tian. Figure A3 shows that the resulting cat e go ri za tion is 
sim i lar to the oth ers in the text.81 This illus trates a cen tral Quinnian theme: the 
con ver gence of dif fer ent approaches to chord cat e go ri za tion.

(c) Evenness and inter val cycle

The prop erty of even ness plays an impor tant role in the the ory of voice lead ing: 
the near equal ity of all  the intrin sic inter vals of one par tic u lar size (e.g., intrin
sic thirds) allows trans po si tion along a chord to nearly coun ter act trans po si
tion along the scale, thereby pro duc ing effi cient voice lead ing (Tymoczko 2011, 
2020b). Voicing gives us an alter nate form of even ness that involves mul ti ple 
types of intrin sic inter val: in the quin tic tetrachordal voic ing C3–F♯3–C♯4–G4, 
the inter vals C3–F♯3 and C♯4–G4 span two intrin sic steps, while F♯3–C♯4 spans 
three; what makes this chord quin tic is that all  of these are equal to six or seven 

80 Since the Fourier trans form is invert ible, Quinn’s inter val vec tors are exactly as fine-grained as those of tra di tional set the-
ory. Quinn typ i cally dis re gards phase, which has the effect of both ignor ing trans po si tion and group ing together “Z-related” 
or homometric sets. Nevertheless, the resulting the ory is often closer to tra di tional set the ory than to my approx i mate set 
the ory; for exam ple, on Quinn’s view, com ple men tary sets have sim i lar qua lia.

81  In mak ing this list I intu i tively chose a min i mum thresh old for a “strong” com po nent; those fail ing to meet this thresh old 
were con sid ered equi pol lent.
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semi tones—and hence that it can be voiced as a nearly even fifth stack. Thus in 
the the ory of voice lead ing we con sider the near equal ity of intrin sic inter vals all  
belong ing to the same type (i.e., nstep intrin sic inter vals); in the the ory of voic-
ing, we con sider the near equal ity of inter vals belong ing to mul ti ple types (i.e., 
n and mstep intrin sic inter vals, for two dif fer ent num bers m and n).

We have also encoun tered another phe nom e non famil iar from voice lead ing 
geom e try: the reappearance of the same abstract struc ture at mul ti ple hier ar chi
cal lev els. The con crete voic ing C3–E3–G♯3–B3–D♯4–G4 is a perturbed stack of 
major thirds whose inter vals are (4, 4, 3, 4, 4) when mea sured semi ton ally—that is, 
an inter val cycle in which the gen er at ing inter val 4 is adjusted to avoid note rep e ti
tion: (x, x, x – 1, x, x).82 It is also a cyclic voic ing whose intrin sic spac ing exhib its the 
same struc ture: the con crete voic ing C3–E3–G♯3–B3–D♯4–G4 has intrin sic spac
ing (2, 2, 1, 2, 2), a sequence of twostep intrin sic inter vals adjusted to avoid note 
rep e ti tion. Figure A4 shows that Quinn’s “generic pro to types” can invari ably be 
voiced in this way, as exact or min i mally perturbed inter val cycles both intrin sic and 
extrin sic.83 Broadly speak ing, he is inter ested in these chords’ chro matic or extrin
sic inter val con tent, whereas I am inter ested in their intrin sic voic ings; in other 
words, we gen er al ize the same objects in dif fer ent direc tions. Thus, Quinn places 
C–E–G♯–B–D♯–G and C–E♭–G♭–A–C♯–E in dif fer ent categories, as  pro to types 

trichords tetrachords

Clustered

012, 013, 

024

0123, 0124,

0134, 0135,

0235, 0246

Quartal

016, 026, 

027

0126, 0127,

0156, 0157,

0167, 0257,

0168

Tertian 

037, 048 0145, 0148,

0158, 0248,

0347, 0358

Equipollent

014, 015, 

025, 036

0125, 0136,

0137, 0146

0236, 0237,

0247

Figure A3. Categorizing small sets  
using the first three Fourier components. 

82  Quinn (2006) notes that many writ ers have been inter ested in perturbed inter val cycles, includ ing Hanson 1960, Eriksson 
1986, and Headlam 1996.

83  Ordering by the gen er at ing inter val (semi tone, whole tone, major third, etc.) diverges from order ing by Fourier com po-
nent (F1, F2, etc.). The char ac ter is tic voic ing, shown in Figure A4, is deter mined by the for mer rather than the lat ter.
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of the major and minorthird gen era, respec tively; I place them in the same cat
e gory, as ter tian hexa chords voiced (2, 2, 1, 2, 2). (This is reflected on Figure A4 
by the larger categories, clus ter, ter tian, and quartal, each group ing two dif fer ent 
col umns.) These dif fer ent inter pre ta tions are pos si ble because Quinn’s pro to types 
can be voiced so as to exhibit the same abstract struc ture on mul ti ple lev els— 
min i mally perturbed inter val cycles (x, x, x ± 1, x, x) whether we con sider extrin
sic semi tones or intrin sic steps. As above, so below: this reappearance of sim i lar 
struc ture at mul ti ple hier ar chi cal lev els is one of the deepest and most mys te ri ous 
fea tures of Western music.
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